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Abstract 

We obtain a hypergraph generalisation of the graph blow-up lemma proved by Komlos, Sarkozy 
and Szemeredi, showing that hypergraphs with sufficient regularity and no atypical vertices behave 
as if they were complete for the purpose of embedding bounded degree hypergraphs. 

1 Introduction 

Szemeredi's regularity lemma [43] has impressive applications in many areas of modern graph theory, 
including extremal graph theory, Ramsey theory and property testing. Roughly speaking, it says 
that any graph can be approximated by an average with respect to a partition of its vertex set into 
a bounded number of classes, the number of classes depending only on the accuracy of the desired 
approximation, and not on the number of vertices in the graph. A key property of this approximation 
is that it leads to a 'counting lemma', allowing an accurate prediction of the number of copies of any 
small fixed graph spanned by some specified classes of the partition. We refer the reader to [28J for a 
survey of the regularity lemma and its applications. An analogous theory for hypergraphs has only 
been developed very recently, with independent and rather different approaches given by Rodl et al. 
(e.g. [371 HH H3] ) an d Gowers [13], subsequently reformulated and developed in [H [7J HH [381 H3 EE] ■ In 
a very short space of time the power of this hypergraph theory has already been amply demonstrated, 
e.g. by a multidimensional generalisation of Szemeredi's theorem on arithmetic progressions [T3] and 
a linear bound for the Ramsey number of hypergraphs with bounded maximum degree [3| 135]. 

The blow-up lemma is a powerful tool developed by Komlos, Sarkozy and Szemeredi |24j for using 
the regularity lemma to embed spanning subgraphs of bounded degree. An informal statement is 
that graphs with sufficient regularity and no atypical vertices behave as if they were complete for the 
purpose of embedding bounded degree graphs. In [251 [26] they used it to prove Seymour's conjecture 
on the minimum degree needed to embed the A:th power of a Hamilton cycle, and the Alon-Yuster 
conjecture on the minimum degree needed for a graph to have an .ff-factor, for some fixed graph 
H (a question finally resolved in |32j). There are many other applications to embedding spanning 
subgraphs, see the survey [33] • There are also several results on embedding spanning subhypergraphs, 
such as perfect matchings or (various definitions of) Hamilton cycles, see the survey [39J. For the 
most part, the proofs of the known hypergraph results have not needed any analogue of the blow-up 
lemma. An exception is an embedding lemma for some special spanning subhypergraphs proved in 
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|30| for loose Hamilton cycles in 3-graphs, although the 'absorbing' method of Rodl, Rucihski and 
Szemeredi was subsequently shown to be a simpler method for Hamilton cycles [40 | I15 [ I2T]. Another 
partial hypergraph blow-up lemma is to embedding bounded degree subgraphs of linear size, obtained 
independently in [3] and in [35] (for 3-graphs). The application to linear Ramsey numbers of bounded 
degree hypergraphs was also subsequently proved by simpler means in [3]. However, one would not 
necessarily expect that embedding lemmas can always be avoided by using alternative methods, so 
a hypergraph blowup lemma would be a valuable tool. 

In this paper we prove such a result that gives conditions for embedding any spanning hypergraph 
of bounded degree. We will not attempt a formal statement of our result in this introduction, as 
it will take us a considerable amount of work to set up the necessary notation and terminology, 
particularly for the key notion of super-regularity, which has some additional subtleties that do 
not appear in the graph case. The proof will be by means of a randomised greedy embedding 
algorithm, which is very similar that used in [23]. However the analysis is more involved, due 
both to the additional complications of hypergraph regularity theory, and the need to work with an 
approximating hypergraph rather than the true hypergraph (see Section 3 for further explanation). 
There are many potential applications of our theorem to hypergraph generalisations of results for 
graphs that were obtained with the graph blow-up lemma. We will illustrate the method by proving 
a hypergraph generalisation of a result of Kiihn and Osthus [31L Theorem 2] on packing bipartite 
graphs. 

The rest of this paper is organised as follows. In the next section we prove the blow-up lemma 
of Komlos, Sarkozy and Szemeredi [23]. This is mostly for expository purposes, although there are 
some small differences in our proof, and it will be useful to refer back to the basic argument when 
discussing additional complications that arise for hypergraphs. We will prove our main result at first 
in the special case of 3-graphs (with some additional simplifications) ; this case is already sufficiently 
complex to illustrate the main ideas of our proofs. In section 3 we discuss hypergraph regularity 
theory (following the approach of Rodl et al.) and motivate and define super-regularity for 3-graphs. 
We prove the 3-graph blow-up lemma in section 4. In section 5 we develop some additional theory 
that is needed for applications of the 3-graph blow-up lemma, based on the Regular Approximation 
Lemma of Rodl and Schacht [41J. We also give a 'black box' reformulation of the blow-up lemma 
that will be more easily accessible for future applications. We illustrate this by generalising a result 
in [31] to packing tripartite 3-graphs. The final section concerns the general hypergraph blow-up 
lemma. As well as generalising from 3-graphs to A;-graphs, we allow additional generalisations that 
will be needed in future applications, including restricted positions and complex-indexed complexes 
(defined in that section). The proof is mostly similar to that for 3-graphs, so we only give full details 
for those aspects that are different. We conclude with some remarks on potential developments and 
applications of the blow-up lemma. 

Notation. We will introduce a substantial amount of terminology and notation throughout the 
paper, which is summarised in the index. Before starting our discussion we establish the following 
basic notation. We write [n] = {!.,••■ , n}. If X is a set and A: is a number then (,) = {Y C 
X : \Y\ = k}, (^ fe ) = Uj<fc(^) and (^,) = Uj<fc(^). a ± b denotes an unspecified real number 
in the interval [a — b, a + b] . It is convenient to regard a finite set X as being equipped with the 
uniform probability measure P({x}) = 1/|-X"|, so that we can express the average of a function / 
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defined on X as K x£ xf(x)- A k-graph H consists of a vertex set V(H) and an edge set E(H), each 
edge being some fc-tuple of vertices. We often identify H with E(H), so that \H\ is the number 
of edges in H. A k-complex H consists of a vertex set V(H) and an edge set E(H), where each 
edge is a subset of the vertex set of size at most k, that is a simplicial complex, i.e. if S £ E{H) 
and T C S then T G E(H). For S C t^(-ff) the neighbourhood (k — I^D-graph or {k — |5|)-complex 
is H(S) = {A C V{H) \ S:iUSe E(H)}, and |#(S)| is the decree of S. We also write 
H s = {A C y(i^) : S 1 C A 6 E(H)}. A w;a/A; in is a sequence of vertices for which each 
consecutive pair are contained in some edge of H, and the distance between two vertices is the 
length of the shortest walk connecting them. The vertex neighbourhood VNh(x) is the set of vertices 
at distance exactly 1 from x (so x itself is not included). We will often have to consider hierarchies 
involving many real parameters, and it will be useful to use the notation < a <C /3 to mean that 
there is an increasing function f(x) so that the following argument is valid for < a < /(/3). The 
parameter n will always be sufficiently large compared to all other parameters, and we use the phrase 
with high probability to refer to an event that has probability 1 — o n (l), i.e. the probability tends to 
1 as n tends to infinity. 



2 The graph blow-up lemma 

This section is mostly expository. We introduce the basic notions of regularity and super-regularity 
for graphs and prove the blow-up lemma of Komlos, Sarkozy and Szemeredi. This will serve as a 
warm-up to the hypergraph blow-up lemma, as our proof even in the graph case differs slightly from 
the original in a few details (although the general approach is the same). It will also be helpful 
to establish our notation in this simplified setting, and to refer back to the basic argument when 
explaining why certain extra complications arise for hypergraphs. To streamline the proof we focus 
on a slightly simplified setting, which still contains all the ideas needed for the general case. We 
hope that the general reader will find this section to be an accessible account of a proof that has a 
reputation for difficulty! 

We start with a brief summary of the key notions in graph regularity, referring the reader to }28| 
for more details. Consider an r-partite graph G with vertex set V partitioned as V = V\ U • • • U V r . 
Let Gij be the bipartite subgraph of G with parts Vi and Vj, for 1 < i ^ j < r. The density of Gij 
is d(Gij) = rprpri • Given e > 0, we say that Gij is e-regular if for all subsets V- C Vi and V- C Vj 
with \ V(\ > e\Vi\ and \Vj\ > e\Vj\, writing G'^ for the bipartite subgraph of G with parts V- and V-, 
we have |cZ(G^) — d{Gij)\ < e. Then we say that G is e-regular if each Gij is e-regular. Informally, 
we may say that each Gij behaves like a random bipartite graph, up to accuracy e. This statement 
is justified by the counting lemma, which allows one to estimate the number of copies of any fixed 
graph F, up to accuracy 0(e), using a suitable product of densities. For now we just give an example: 
if we write Ti23(G) for the set of triangles formed by the graphs G12, G13, G23, then 

d(T 123 (G)) := pJfP^ = d(G 12 )d(G 13 )d(G 23 ) ± 8e. (1) 

Remarkably, this powerful property can be applied in any graph G, via Szemeredi's Regularity 
Lemma, which can be informally stated as saying that we can decompose the vertex set of any graph 
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on n vertices into m(e) parts, such that all but at most en 2 edges belong to bipartite subgraphs that 
are e-regular. 

The blow-up lemma arises from the desire to embed spanning graphs in G, meaning that they 
use every vertex in V. Suppose that \Vi\ = n for 1 < i < r. The argument used to prove the counting 
lemma can be generalised to embed any bounded degree graph H provided that all components of 
H have size o(n), and Sl(n) vertices of G are allowed to remain uncovered. However, one cannot 
guarantee an embedding of a spanning graph: the definition of e-regularity does not prevent the 
existence of isolated vertices, so we may not even be able to find a perfect matching. This observation 
naturally leads us to the stronger notion of super-regularity. We say that G- L j is (e, d%j)- super-regular 
if it is e-regular and every vertex has degree at least (dij — e)n. It is well-known that one can delete a 



small number of vertices from a regular pair to make it super-regular (see Lemma 5.3). We say that 
G is (e, d) -super-regular if each Gij is either empty or (e, djj)-super- regular for some dij > d. Now 
we can state the graph blow-up lemma. 

Theorem 2.1. (Graph blow-up lemma) Suppose H is an r-partite graph on X = X% U • • • U X r 

and G is an r-partite graph on V = V\ U • ■ • U V r , where \Vi\ = \Xi\ = n for 1 < i < r and Hij is 
only non-empty when Gij is non-empty. If H has maximum degree at most D and G is (e,d)-super- 
regular, where <C 1/n <C e <C d, 1/r, 1/D, then G contains a copy of H, in which for each 1 < i < r 
the vertices of Vi correspond to the vertices of Xi. 



Informally speaking, Theorem 2.1 embeds any bounded degree graph into any super-regular 
graph. Note that arbitrary part sizes are allowed in [23], but for simplicity we start by considering 
the case when they are all equal. The proof is via a random greedy algorithm for embedding H in 
G, which considers the vertices of X in some order and embeds them to V one at a time. We start 
by giving an informal description of the algorithm. 



Initialisation. List the vertices of H in a certain order, as follows. Some vertices at mutual distance 
at least 4 are identified as buffer vertices and put at the end of the list. The neighbours of the 
buffer vertices are put at the start of the list. (The rationale for this order is that we hope to 
embed these neighbours in a nice manner while there is still plenty of room in the early stages 
of the algorithm, and then the buffer vertices still have many suitable places at the conclusion.) 
During the algorithm a queue of priority vertices may arise: it is initially empty. 

Iteration. Choose the next vertex x to be embedded, either from the queue if this is non-empty, 
or otherwise from the list. The image (j)(x) of x is chosen randomly in V(G) among those 
free spots that do not unduly restrict the free spots for those unembedded neighbours of x. 
If some unembedded vertex has too few free spots it is added to the queue. Stop when all 
non-buffer vertices have been embedded. If the number of vertices that have ever been in the 
queue becomes too large before this point then abort the algorithm as a failure (this is an 
unlikely event). 

Conclusion. Choose a system of distinct representatives among the free slots for the unembedded 
vertices to complete the embedding. (This will be possible with high probability.) 
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Now we will formally describe the random greedy algorithm to construct an embedding cf> : 
V(H) —> V(G) such that 0(e) E E(G) for every e G E(H). First we introduce more parameters with 
the hierarchy 

< 1/n < e < e' < e* < p < 7 < < p < <4 < £q < < d, 1/r, 1/D. 

To assist the reader we list here the role of each parameter for easy reference. Parameters e, e' and e* 
are used to measure graph regularity. Parameter 7 plays the role of k in [23] : it is used to distinguish 
various cases at the conclusion of the algorithm when selecting the system of distinct representatives. 
Parameter d u plays the role of 7 in |24| : it is a universal lower bound on the proportion of vertices 
in a class of G free to embed any given vertex of H . The queue threshold parameter 5q corresponds 
to 5"' in [241: the maximum proportional size for the queue before we will abort with failure. The 
buffer parameter 5 b corresponds to 5' in |24j : the proportional size of the buffer. We also introduce 
two probability parameters that are not explicitly named in [23] , although they are key to the proof. 
Parameter po appears in Lemma [2. 6| in the upper bound for the probability that any given set A will 
be significantly under-represented in the free images for a vertex. Parameter p appears in Lemma 



2.5 as a lower bound for the probability that a given unused vertex will be free as an image for a 
given buffer vertex at the conclusion of the algorithm. Note that the queue admission parameter 5'q 
is similar to but slightly different from the corresponding parameter 5" in [23]: for any vertex z and 
time t we will compare F z (t) to an earlier free set F z (t z ), where t z is the most recent time at which 
we embedded a neighbour of z. 



Initialisation and notation. We choose a buffer set B C X of vertices at mutual distance at least 
4 in H so that \B n Xj| = Ssn for 1 < i < r. The maximum degree property of H implies that 
we can construct B simply by selecting vertices one-by-one greedily. For any given vertex in 
H there are fewer than D vertices within distance 4, so at any point in the construction of B 
we have excluded at most D^rSsn vertices from any given X,. Thus we can construct B if we 
choose 5b < l/(rD 4 ). 

Let N = L) X £bNh(x) be the vertices with a neighbour in the buffer. Since H has maximum 
degree D we have | N n Xj| < Drdsn < \fb~B~n for 1 < i < r, if we choose 5b < l/(Dr) 2 . 

We use t to denote time during the algorithm, by which we mean the number of vertices of H 
that have been embedded. At time t we denote the queue by q(t) and write Q(t) = U u <t q(u) 
for the vertices that have ever been in the queue by time t. Initially we set q(0) = Q(0) = 0. 

We order the vertices in a list L = L(0) that starts with iV and ends with B. Within N, we 
arrange that Njj(x) is consecutive for each x G B. This is possible by the mutual distance 
property in B, which implies that the neighbourhoods Njj(x), x £ B are mutually disjoint. We 
denote the vertex of H selected for embedding at time t by s(t). This will be the first vertex 
of L(t — 1), unless the queue is non-empty, when this takes priority. 

We write F x (t) for the vertices that are free to embed a given vertex x of H. Initially we set 
F x (0) = V x , where we write V x for that part V{ of G corresponding to the part of H that 
contains x. We also write Xi(t) = Xj \ {s(u) : u < i] for the unembedded vertices of Xj and 
Vi(t) = Vi \ {(j)(s(u)) : u < t} for the available positions in Vi. We let X(t) = lf i=l Xi(t) and 
V(t) = U r i=1 Vi(t). Initially we set X(0) = X { and Vi(0) = Vi. 
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Iteration. At time t, while there are still some unembedded non-buffer vertices, we select a vertex 
to embed x = s(t) according to the following selection rule. If the queue q(t) is non-empty then 
we let x be any member of the queue; otherwise we let x be the first vertex of the list L(t — 1). 
(A First In First Out rule for the queue is used in [21], but this is not essential to the proof.) 
We choose the image 4>(x) of x uniformly at random among all elements y G F x (t — 1) that are 
'good', a property that can be informally stated as saying that if we set (j){x) = y then the free 
sets at time t for the unembedded neighbours of x will have roughly their 'expected' size. 

To define this formally, we first need to describe the update rule for the free sets when we embed 
x to some vertex y. First we set F x (t) = {y}. We will have F x (t') = {y} at all subsequent times 
t' > t. Then for any unembedded z that is not a neighbour of x we set F z (t) = F z (t — 1) \ {y}. 
Thus the size of F z (t) decreases by 1 if z belongs to the same part of X as x, but otherwise is 
unchanged. Finally, for any unembedded z S Nh{x) we set F z (t) = F z (t — 1) f]Nc(y)- Now we 
say that y G F x (t — 1) belongs to the good set OK x (t — 1) if for every unembedded z S Nh(x) 
we have |-Fi(t)| = (1± 2e')d xz \F z (t — 1)|. Here d xz denotes that density d(G{j) for which x € Vi 
and z £ Vj. 

Having chosen the image <f)(x) of x as a random good element y, we conclude the iteration by 
updating the list L(t — 1) and the queue q(t — 1). First we remove x from whichever of these 
sets it was taken. Then we add to the queue any unembedded vertex z for which F z (t) has 
become 'too small'. To make this precise, suppose z £ L(t — 1) \ {x}, and let t z be the most 
recent time at which we embedded a vertex in Nh(z), or if there is no such time. (Note that 
if z € N H (x) then t z = t.) We add z to q(t) if \F z (t)\ < 5' Q \F z (t z )\. This defines L(t) and q(t). 

Repeat this iteration until the only unembedded vertices are buffer vertices, but abort with 
failure if at any time we have \Q(t) n X{\ > 5q\Xi\ for some 1 < i < r. Let T denote the time 
at which the iterative phase terminates (whether with success or failure). 

Conclusion. When all non-buffer vertices have been embedded, we choose a system of distinct 
representatives among the free slots F X (T) for the unembedded vertices x € X(T) to complete 
the embedding, ending with success if this is possible, otherwise aborting with failure. 

Now we analyse the algorithm described above and show that it is successful with high probability. 
We start by recording two standard facts concerning graph regularity. The first fact states that 
most vertices in a regular pair have 'typical' degree, and the second that regularity is preserved 
by restriction to induced subgraphs. We maintain our notation that G is an r-partite graph on 
V = V\ U • ■ ■ U V r . We fix any pair (i, j), write Gij for the bipartite subgraph spanned by Vi and Vj 
and denote its density by dij. We give the short proofs of these facts here, both for completeness 
and as preparation for similar hypergraph arguments later. 

Lemma 2.2. (Typical degrees) Suppose Gij is e-regular. Then all but at most 2e\Vi\ vertices in 
Vi have degree (dy ± e)\Vj\ in Vj. 

Proof. We claim that there is no set X C Vi of size \X\ > e\Vi\ such that every x £ X has degree 
less than (dij — e)\Vj\mVj. For the pair (X, Vj) would then induce a subgraph of density less than 
dij — e, contradicting the definition of e-regularity. Similarly, there is no set X C Vi of size \X\ > e\Vi\ 
such that every x £ X has degree greater than (dij + e) \Vj \ in Vj . □ 
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Lemma 2.3. (Regular restriction) Suppose Gij is e-regular, and we have sets V- C VI and V- C Vj 

with \V-\ > \/e\Vi\ and \Vj\ > ^/e\Vj\. Then the bipartite subgraph G'^ of Gij induced by V( and V- 
is ^-regular of density d'^ = dij ± e. 

Proof. Since Gij is e-regular we have d'^ = dij ± e. Now consider any sets V" C V- and Vj' C Vj 
with \V?'\ > v/e|WI and \yj'\ > V^'l- Then |T^"| > e\Vi\ and |^"| > e\Vj\, so 1//' and 1// induce a 
bipartite subgraph of Gij with density djj ± e C d'^ ± -^/e. Therefore G^„- is i/e-regular. □ 

Our next lemma shows that the definition of good vertices for the algorithm is sensible, in that 
most free vertices are good. Before giving the lemma, we observe that the number of free vertices in 
any given class does not become too small at any point during the algorithm. We can quantify this 
as \ Vi(t)\ > \B fl Vi\ - \Q(t) n Vi\ > {5 B - Sq)u > S B n/2, for any 1 < i < r and time t. To see this, 
note that we stop the iterative procedure when the only unembedded vertices are buffer vertices, 
and during the procedure a buffer vertex is only embedded if it joins the queue. 

Lemma 2.4. (Good vertices) Suppose we embed a vertex x = s(t) of H at time t. 

Then \OK x (t — 1)| > (1 — e*)\F x (t — 1)|, and for every unembedded vertex z we have \F z {t)\ > d u n. 

Proof. We argue by induction on t. At time t = the first statement is vacuous, as we do not embed 
any vertex at time 0, and the second statement follows from the fact that F z (0) = V z has size n for all 
z. Now suppose t > 1. By induction we have \F z (t— 1)| > d u n for every unembedded vertex z. Then 
by Lemma [23| for any unembedded z £ Nh(x), the bipartite subgraph of G induced by F x (t — 1) 



and F z (t — 1) is e'-regular of density (1 ± e)d xz . Applying Lemma 2.2, we see that there are at most 
2e'\F x (t - 1)| vertices y £ F x (t - 1) that do not satisfy \N G (y) n F z (t - 1)| = (1 ± 2e')d xz \F z (t - 1)|. 
Summing over at most D neighbours of x and applying the definition of good vertices in the algorithm 
we obtain the first statement that \OK x (t - 1)| > (1 - 2De')\F x (t - l)\ > (1 - e*)\F x (t - 1)|. 

Next we prove the second statement. Consider any unembedded vertex z. Let t z be the most 
recent time at which we embedded a neighbour of z, or if there is no such time. If t z > then we 
embedded some neighbour w = s(t z ) of z at time t z . Since we chose the image 4>(w) of w to be a 
good vertex, by definition we have \F z (t z )\ = (1 ± 2e')d wz \F z (t z — 1)| > ~d\F z (t z — 1)|. If z is not 
in the queue then the rule for updating the queue in the algorithm gives > S'Q\F z (t z )\. On 

the other hand, suppose z is in the queue, and that it joined the queue at some time tl < t. Since z 
did not join the queue at time t' — 1 we have \F z (t' — 1)| > <5g|i^(^)|. Also, between times t' and t 
we only embed vertices that are in the queue: the queue cannot become empty during this time, as 
then we would have embedded z before x. During this time we embed at most 5qh vertices in V z , 
as we abort the algorithm if the number of vertices in X z that have ever been queued exceeds this. 

Thus we have catalogued all possible ways in which the number of vertices free for z can decrease. 
It may decrease by a factor no worse than d/2 when a neighbour of z is embedded, and by a factor no 
worse than 5q before the next neighbour of z is embedded, unless z joins the queue. Also, if z joins 
the queue we may subtract at most 5qu from the number of vertices free for z. Define i to be the 
number of neighbours of z that are embedded before z joins the queue if it does, or let i = d(z) be 
the degree of z if z does not join the queue. Now z has at most D neighbours, and |-F 2 (0)| = \ V Z \ = n, 
so \F z (t)\ > (5> Q d/2) D -*((5' Q d/2)%n - 5 Q n) > (6' Q d/2) D 8' Q n - 5 Q n > d u n. □ 
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Next we turn our attention to the time period during which we are embedding N, which we will 
refer to as the initial phase of the algorithm. We start by observing that the queue remains empty 
during the initial phase, and so N is embedded consecutively in the order given by the list L. To 
see this, we use a similar argument to that used for the second statement in Lemma |2.4| Consider 
any unembedded vertex z and suppose that the queue has remained empty up to the current time t. 
Then we have embedded at most | N n X z \ < \fbsn vertices in V z . Also, if we embed a neighbour w 
of z the algorithm chooses a good image for it, so by definition of good, the number of free images 
for z decreases by a factor no worse than (1 — 2e')d wz > d/2 when we embed w. Since z has at most 
D neighbours we get |-F z (t)| > {d/2) D n — \J~&Bn > SqU. This shows that no unembedded vertex z is 
added to the queue during the initial phase. 

Now we want to show that for any buffer vertex x £ B there will be many free positions for x at 
the end of the algorithm. This is the point in the argument where super-regularity is essential. A 
vertex v G V x will be free for x if it is not used for another vertex and we embed Njj(x) in Nq(v) 
during the initial phase. Our next lemma gives a lower bound on this probability, conditional on any 
embedding of the previous vertices not using v. We fix some x £ B and write Nh{x) = {zi, • • • , z g }, 
with vertices listed in the order that they are embedded. We let Tj be the time at which Zj is 
embedded. Since N is embedded consecutively we have Tj + \ = Tj + 1 for 1 < j < g — 1. We also 
define Tq = T\ — 1. Since vertices in B are at mutual distance at least 4 in H, at time To, when we 
have only embedded vertices from N, no vertices within distance 2 of x have been embedded. (This 
is the only place at which mutual distance 4 is important.) 

Lemma 2.5. (Initial phase) For any v £ V x , conditional on any embedding of the vertices {s(u) : 
u < T{\ that does not use v, with probability at least p we have 4>(Nh(x)) C Nq(v). 

Proof. We estimate the probability that (/>(Nh(x)) C Ng(v) using arguments similar to those we 
are using to embed H in G. We want to track the free positions within Nq(v) for each unembedded 
vertex in Njf(x), so we hope to not only embed each vertex of Nh(x) in Nq(v) but also to do so 
in a 'good' way, a property that can be informally stated as saying that the free positions within 
Ng{v) will have roughly their expected size. To define this formally, suppose 1 < j < g and 
we are considering the embedding of Zj. We interpret quantities at time Tj with the embedding 
4>{zj) = y, for some unspecified y £ F Zj (/Tj — 1). We say that y £ Fz 3 {Tj — 1) n Nq(v) is good for 
v, and write y £ OK^(Tj — 1), if for every unembedded z £ Njj(x) we have \F z (Tj) D Ng(v)\ = 
(l±2e')d ZZ] \F z {Tj-l)r\N G {v)\. We let Aj denote the event that y = 4>(zj) is chosen in OK v z ,(Tj-l). 

We claim that conditional on the events A~/ for j' < j and the embedding up to time T — 1, 



the probability that Aj holds is at least d u /2. To see this we argue as in Lemma 2.4 First we 
show that \F z (Tj — 1) n Ng(v)\ > d u n for every unembedded neighbour z of x. Note that initially 
F z (0) R Ng(v) = V z n Nq(v) has size at least (d — e)n by super-regularity of G. Up to time To we 
embed at most \N n X z \ < y/Ssn vertices in X z , and do not embed any neighbours of z by the 
distance property mentioned before the lemma. At time Tj> with f < j, we are conditioning on the 
event that the algorithm chooses an image for Zji that is good for v, so the number of free images 
for z within Nq(v) decreases by a factor no worse than (1 — 2e')d zz ., > d/2. Thus we indeed have 
\F z (Tj - l)r\N G (v)\ > (d/2) D \V z r\N G (v)\ - \NC\ X z \ > (d/2) D (d-e)n- ^6bu > d u n. 



Next, by Lemma |2.3| for any unembedded z £ Njj(x), the bipartite subgraph of G induced by 



F z . (Tj — 1) n Nq(v) and F z (Tj — 1) n N G (v) is e'-regular of density (1 ± e)d ZZj . Applying Lemma 2.2 
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we see that there are at most 2e'\F Zj (Tj — 1) n N G (v)\ vertices y G F Zj (Tj — 1) n N G {v) that do not 
satisfy \F z (Tj) H Nq(v)\ = \N G {y) (1 F z (Tj - 1) H N G {v)\ = (l±2e')d ZZj \F z (Tj - 1) nN G (v)\. Summing 
over at most D neighbours of Zj we see that \OK v z . (Tj - 1)| > (1 - 2De')\F Zj (Tj - 1) D N G (v)\. Also, 



by Lemma 2.4 we have \OK Zj (Tj - 1)| > (1 - e*)\F gj (Tj - 1)|, so 

\OIC x .{Tj - 1) n OK Zj (T 3 - 1)| > |F 2j (T, - 1) n iV G («)| - 2e*n > d u n/2. 

Since <f>(Zj) = y is chosen uniformly at random from OK z .(Tj — 1), we see that Aj holds with 
probability at least d u /2, as claimed. 

To finish the proof, note that if all the events Aj hold then we have (f)(Njj(x)) C N G (y). Multi- 
plying the conditional probabilities, this holds with probability at least (d u /2) D > p. □ 

Our next lemma is similar to the 'main lemma' of [21] ■ An informal statement is as follows. 
Consider any subset Y of a given class Xj, and any 'not too small' subset A of vertices of Vi that 
could potentially be used for Y. Then it is very unlikely that no vertices in A will be used and yet 
only a small fraction of the free positions for every vertex in Y will belong to A. 

Lemma 2.6. (Main lemma) Suppose 1 < i < r, Y C Xj and A CVi with \A\ > e*n. Let Ea,y be 
the event that (i) no vertices are embedded in A before the conclusion of the algorithm, and (ii) for 
every z G Y there is some time t z such that \AC\F z (t z )\/\F z (t z )\ < 2~ D \A\/n. Then P(Ea,y) < Pq^ ■ 

Proof. We start by choosing Y' C Y with \Y'\ > |y|/D 2 so that vertices in Y' are mutually at 
distance at least 3 (this can be done greedily, using the fact that H has maximum degree D). It 
suffices to bound the probability of Eay'- Note that initially we have \AC\ ^(0)1/1^(0)1 = |-A|/ra 
for any z £ X{. Also, if no vertices are embedded in A, then \Ad F z (t)\/\F z (t)\ can only be less than 
\An F z {t — l)\/\F z (t — 1)| for some z and t if we embed a neighbour of z at time t. It follows that if 
Ea,Y' occurs, then for every z E Y' there is a first time t z when we embed a neighbour w of z and 
have \ADF z {t z )\/\F z (t z )\ < \A n F z (t z - l)\/2\F z (t z - 1)|. 



By Lemma 2.4 we have 1^(^ — 1)1 > d u n, and by choice of t z we have \ADF z (t z — l)\/\F z (t z — 1)| > 



2- u \A\/n, so \A n F z (t z - 1)| > 2~ D ud u"n ^ e*^- Then by Lemma |2.3| the bipartite subgraph of 



G induced by A n F z (t z — 1) and F w (t z — 1) is e'-regular of density (1 ± e)d zw . Applying Lemma 



2.2, we see that there are at most 2e'\F w {t z — 1)| 'exceptional' vertices y G F w (t z — 1) that do not 
satisfy \Af]F z (t z )\ = \N G (y) n An F z (t z - 1)\ = (1 ±2e')d zw \An F z (t z - On the other hand, the 
algorithm chooses <fi(w) = y to be good, in that \F z (t z )\ = (1 ± 2e')d zw \F z (t z — 1)|, so we can only 
have \ An F z (t z )\/\F z (t z )\ < \An F z {t z — l)\/2\F z (t z — 1)| by choosing an exceptional vertex y. But 
y is chosen uniformly at random from \OK w (t z — 1)| > (1 — €*)\F w (t z — 1)| possibilities (by Lemma 



2.4). It follows that, conditional on the prior embedding, the probability of choosing an exceptional 
vertex for y is at most 2e'\F w {t z — V)\/\OK w [t z — 1)| < 3e'. 

Since vertices of Y' have disjoint neighbourhoods, we can multiply the conditional probabilities 
over z G Y' to obtain an upper bound of (3e')' y L Recall that this bound is for a subset of Ea,Y' in 
which we have specified a certain neighbour w for every vertex z G Y' , Taking a union bound over 
at most Z)l y 'l choices for these neighbours gives P(Ea,y) < ^{Ea,Y') - (3e'L>)l y 'l < p 1 ^. □ 

Now we can prove the following theorem, which implies Theorem |2.1[ 

Theorem 2.7. With high probability the algorithm embeds H in G. 
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Proof. First we estimate the probability of the iteration phase aborting with failure, which happens 
when the number of vertices that have ever been queued is too large. We can take a union bound 
over all 1 < i < r and Y C X, L with \Y\ = 8 Q \Xi\ of P(Y C Q{T)). Suppose that the event Y C Q(T) 
occurs. Then A = Vi(T) is a large set of unused vertices, yet it makes up very little of what is free to 
any vertex in Y. To formalise this, note that by definition, for every z GY there is some time t such 
that |-F z (i)| < 5Q\F z (t z )\, where t z < t is the most recent time at which we embedded a neighbour of 
z. Since A is unused we have AC\F z {t) = AC\F z {t z ), so \A(~) F z (t z )\/\F z (t z )\ = \A(~) F z (t)\/\F z (t z )\ < 



\F z (t)\/\F z (t z )\ < 5'q. However, we noted before Lemma 2.4 that \A\ > <5en/2, so since 5'q <C 5b we 
have \AC\F z (t z )\/\F z {t z )\ < 2- D \A\/n. Taking a union bound over all possibilities for i, Y and A, 



Lemma 



2.6 



implies that the failure probability is at most r • 4 n • p$ Qn < o(l), since po <C 



Now we estimate the probability of the conclusion of the algorithm aborting with failure. Recall 
that buffer vertices have disjoint neighbourhoods, the iterative phase finishes at time T, and |Xj(T)| > 
<5en/2. By Hall's criterion for finding a system of distinct representatives, the conclusion fails if and 
only if there is some 1 < i < r and S C Xj(T) such that | U z ^s F Z (T)\ <\S\. We divide into cases 
according to the size of S. 



< |5|/|Xj(r)| < 7. By Lemma 2.4 we have |F 2 (T)| > d u n > 771 for every unembedded z, so this 

case cannot occur. 

7 < l^l/l^i^)! < 1 — 7- In this case we use the fact that A := Vi(T) \ U ze sF z {T) is a large set of 
unused vertices which is completely unavailable to any vertex z in S: we have \A\ > \Vi(T)\ — 
\S\ > y\Xi(T)\ > jS B n/2 > 7 2 n, yet A n F Z (T) = 0, so \A n F Z (T)\/\F Z (T)\ = < 2~ D \A\/n. 
As above, taking a union bound over all possibilities for i, S and A, Lemma |2.6| implies that 
the failure probability is at most r ■ 4™ • Pq n < o(l), since po -C 7. 

1 — 7 < < 1. In this case we claim that with high probability U zg s-F Z (T) = Vi(T), so in 

fact Hall's criterion holds. It suffices to consider sets S C Xi(T) of size exactly (1 — 7)|Xj(T)|. 
The claim fails if there is some v G Vi(T) such that v ^ F Z (T) for every z £ S. Since v is 



unused, it must be that we failed to embed Nh{z) in Nq{v) for each z G S. By Lemma 2.5 
these events have probability at most 1 — p conditional on the prior embedding. Multiplying the 
conditional probabilities and taking a union bound over all 1 < i < r, v G Vt and S Q Xi{T) of 
size (1 - j)\Xi(T)\, the failure probability is at most rn( (1 J\ J (1 - p)( 1 -T)l-^i(^)l < (i). This 
estimate uses the bounds ( (1 _" )n ) < 2^ n , (1 - p )(i-7)l*<CT)l < e -p5s™/4 < 2 -p 2 ™ and 7 < p. 

In all cases we see that the failure probability is o(l). □ 



3 Regularity and super-regularity of 3-graphs 

When considering how to generalise regularity to 3-graphs, a natural first attempt is to mirror 
the definitions used for graphs. Consider an r-partite 3-graph H with vertex set V partitioned as 
V = V\ U ■ ■ -U V r . Let Hijk be the tripartite sub-3-graph of H with parts Vi, Vj and Vk, for any i, j, k. 
The density of is d(Hijk) = \v \\v-\\v k \ • Given e > 0, we say that is e-vertex-regular if for all 
subsets V! C Vi, V- C Vj and V{, cV^with \V[\ > e\V\, \Vj\ > e\Vj\ and \V£\ > e\V k \, writing H' ijk for 
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the tripartite sub-3-graph of H with parts V[, V- and V^, we have \d(H-j k ) — d(Hijk)\ < e. There is 
a decomposition theorem for this definition analogous to the Szemeredi Regularity Lemma. This is 
often known as the 'weak hypergraph regularity lemma', as although it does have some applications, 
the property of vertex-regularity is not strong enough to prove a counting lemma. 

To obtain a counting lemma one needs to take account of densities of triples of H with respect 
to sets of pairs of vertices, as well as densities of pairs with respect to sets of vertices. Thus we are 
led to define regularity for simplicial complexes. We make the following definitions. 

Definition 3.1. Suppose X is a set partitioned as X = X\ U • • • UX r . We say S C X is r-partite if 
\Sf]Xi\ < 1 for 1 < i < r. Write K(X) for the complete collection of all r-partite subsets of X. We 
say that H is an r-partite 3-complex on X = X\ U • • • U X r if H consists of r-partite sets of size at 
most 3 and is a simplicial complex, i.e. ifTQS&H then T G H . The index of an r-partite set S is 
i(S) = {1 < i < r : S H Xi ^ 0}. For I C [r] we write Hj for the set of S G H with index i(S) = I, 
when this set is non-empty. If there are no sets S G H with i(S) = I we can choose to either set 
Hj = or let Hi be undefined, provided that if Hj is defined then Hj is defined for all J C I. When 
not explicitly stated, the default is that Hj is undefined when there are no sets of index I. For any 
S G H we write H$ = H^/g) for the naturally defined \S\-partite \S\-graph in H containing S. 

To put this definition in concrete terms, whenever the following sets are defined, H^y is a subset 
of Xi, F[{ij} is a bipartite graph with parts H^y and Hij\, and Huj^y is a 3-graph contained in the 
set of triangles spanned by Hujy, Hu^y and Hu^y. Of course, the interesting part of this structure 
is the 3-graph together with its underlying graphs. We also have H$, which is usually equal to {0}, 
i.e. the set of size 1 whose element is the empty set, although it could be empty if all other parts are 
empty. It is most natural to take H^y = Xi for 1 < i < r. We often allow H^y to be a strict subset 
of Xi, but note that if desired we can make such a complex 'spanning' by changing the ground set 
to X' = X[ U • • • U X' r , where X\ = Hu\, 1 < i < r. When unspecified, our default notation is that 



H is an r-partite 3-complex on X = X\ U • • • U X r . We will see later in Definitions 3.5 and 4.4 why 



we have been so careful to distinguish the cases Hj empty and Hj undefined in Definition 3.1 



Definition 3.2. To avoid clumsy notation we will henceforth frequently identify a set with a sequence 
of its vertices, e.g. writing Hi = H^y and Hijk = Hu j ^x. We also use concatenation for set union, 
e.g. if S = ij = {i,j} then Sk = ijk = {i,j,k}. For any I C [r] we write Hj< = Uj'ciHj/ for the 
subcomplex of H consisting of all defined Hp with I' C /. We also write Hj< = Hj< \Hj = U/'ci-ET/'- 
Similarly, for any S C X we write H s < = Us'csHs' and H s < = Us'tzsHs'- For any set system A 
we let A— be the complex generated by A, which consists of all subsets of all sets in A. 

It is clear that intersections and unions of complexes are complexes. We clarify exactly what 
these constructions are with the following definition. 

Definition 3.3. Suppose H and H' are r-partite 3-complexes on X = X\ U • • • U X r . The union 

H U H ' is the r-partite 3-complex where (H U H')s = H$ U H' s is defined whenever H$ or H' s is 
defined. The intersection H n H' is the r-partite 3-complex where (H n H')$ = H$ fl H' s is defined 
whenever H$ and H' s are defined. 

We often specify complexes as a sequence of sets, e.g. (G12, {Gi : 1 < i < 4), {0}) has parts G12, 
Gi for 1 < i < 4, {0} and is otherwise undefined. Now we come to a key definition. 
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Definition 3.4. We let Tijk(H) be the set of triangles formed by H^, Hjk and Hik- We say that a 
defined triple H^k is e-regular if for every subgraph G of H with \Tijk(G)\ > e\Tijk(H)\ we have 

\H n Tijk(G)\ _ l-Hyfcl _|_ 



ijk 

(G)\ \T ijk (H)\ 

We also say that the entire 3-complex H is e-regular if every defined triple H^k is e-regular and every 
defined graph Hij is e-regular. 

Thus Hijk is e-regular if for any subgraph G with 'not too few' triangles of index ijk, the 
proportion of these triangles in G of index ijk that are triples in H^k is approximately equal to the 
proportion of triangles in H of index ijk that are triples in H^k- Note that we never divide by zero 



in Definition 3.4 as ^ Z^fc(G) C Tijk(H). The definition applies even if every H^k is undefined, in 
which case we can think of H as a 2-complex with every graph Hij being e-regular. It also applies 
even if every Hij is undefined, in which case we can think of H as a 1-complex (with no regularity 
restriction)]^] 

This concept of regularity in 3-complexes is more powerful than vertex regularity, in that it does 
admit a counting lemma. In order to apply it we also need an analogue of the Szemeredi Regularity 
Lemma, stating that a general 3-complex can be decomposed into a bounded number of pieces, most 
of which are regular. Such a result does hold, but there is an important technical proviso that one 
cannot use the same parameter e to measure regularity for both graphs and triples in the complex. 
In general, one needs to allow the densities of the graphs Hij to be much smaller than the parameter 
used to measure the regularity of triples. This is known as a sparse setting, as contrasted with a 
situation when all densities are much larger than e, which is known as a dense setting. 

In the sparse setting, a counting lemma does hold, but we couldn't find any way to generalise 
the proof of the blow-up lemma. To circumvent this difficulty we will instead apply the Regular 
Approximation Lemma of Rodl and Schacht. Informally stated, this allows us to closely approximate 
any 3-graph G° by another 3-graph G, so that the 3-complex G- generated by G can be decomposed 
(in a certain sense) into e-regular complexes. We will come to the formal statement later in the 
paper, but we mention it here to motivate the form of the blow-up lemma that we will prove. We 
will allow ourselves to work in the dense setting of e-regular complexes, but we have to take account 
of the approximation of G° by G by 'marking' the edges M = G \ G° as forbidden. If we succeed 
in embedding a given 3-graph H in G without using M then we have succeeded in embedding H in 
G . (A similar set-up is used for the embedding lemma in |35|.) We will refer to the pair (G—,M) 
as a marked complex. 

In the remainder of this section we first motivate and then explain the definition of super- 
regularity for 3-graphs. It turns out that this needs to be significantly more complicated than 
for ordinary graphs. It is not sufficient to just forbid vertices of small degree. To see this, consider 
as an example a 4-partite 3-complex G on X = X\ U X2 U X3 U X4, with \Xi\ = n, 1 < i < 4 that 
is almost complete: say there are complete bipartite graphs on every pair of classes and complete 



Technically one should say that Hijk is e-regular in the complex H, as the definition depends on the graphs Hij, 
Hjk and Hik- For the sake of brevity we will omit this qualification, as it is not hard to see that when sufficiently 
regular these graphs are 'almost' determined by Hijk' if say Hij had many pairs not contained in triples of Hijk then 
Tijk would have many triangles none of which are triples of Hijk, contradicting the definition of e-regularity. 
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3-graphs on every triple of classes, except for one vertex x in A4 for which the neighbourhood G(x) is 
triangle- free. We can easily choose each G(x)ij to have size n 2 /4 by dividing each class Aj, 1 < i < 3 
into two parts. Then H is 0(l/n)-regular with densities 1 — 0(l/n) and has minimum degrees at 
least n 2 /4 in each triple, but x is not contained in any tetrahedron Af , so we cannot embed a perfect 
A"f-packing. 

Another complication is that the definition of super-regularity for 3-graphs is not 'local', in the 
sense that super-regularity of a graph G was defined by a condition for each of its bipartite subgraphs 
Gij. Instead, we need to define super- regularity for the entire structure (G,M), where G is an r- 
partite 3-complex and M is a set of marked edges. To explain this point we need to look ahead to the 
analysis of the algorithm that we will use to prove the blow-up lemma. First we need an important 
definition that generalises the process of restricting a graph to a subset of its vertex set: we may also 
consider restricting a complex to a subcomplex in the following manner. 

Definition 3.5. Suppose H and G are r-partite 3-complexes on X = X\ U • • • U X r and G is a 
subcomplex of H . The restriction H[G] is the r-partite 3-complex on X = X\\J- ■ -U A r , where H[G]i 
is defined if and only if Hj is defined, and H[G]j consists of all S G Hj such that A £ G for every 
A C S such that G a is defined. 

To put this in words, a given set S in H belongs to the restriction H[G] if every subset A of S 
belongs to G, provided that the part of G corresponding to A is defined. At this point we will give 



some examples to illustrate Definition 3.5 and clarify the distinction between parts being empty or 
undefined in Definition 3.1 Consider a 3-partite 2-complex H on X = X\ U X2 U A3 such that -H12, 
H%3 and H23 are non-empty graphs. Suppose G is a 3-partite 1-complex on A = X\ U A2U A3. If Gi, 
G2 and G3 are defined then H[G] is the 3-partite 2-complex on A = Ai U A2 U A3 with H[G]i = Gi 
and H[G]ij equal to the bipartite subgraph of Hij spanned by Gi and Gj. This corresponds to the 
usual notion of restriction for graphs. Note that all of the sets H[G]i and graphs H[G]ij are defined 
and some may be empty. However, if any of the Gi is undefined then it behaves as if it were equal to 
Hi. For example, if G\ is undefined and G2 is defined then H[G]i = Hi and H[G]±2 is the bipartite 
subgraph of H\2 spanned by H\ and G2. This highlights the importance of distinguishing between 



G\ being empty or G\ being undefined. Note that Definition 3.5 is monotone, in the sense that 
adding sets to any given defined part Gj of G does not remove any sets from any given part H[G]j 
of the restriction H[G]. We record the following obvious property for future reference: 

H[G]i = Gi when Gj is defined. (2) 

Another obvious property used later concerns the empty complex ({0}), which satisfies i7[({0})] = 
H for any complex H. Next we will reformulate the definition of regularity for 3-complexes using 
the restriction notation. First we make the following definitions. 

Definition 3.6. Suppose H is an r-partite 3-complex on X = X\ U • • • U X r . For any I C [r] we let 
Hj denote the set of S G K(X)j such that any strict subset T C S belongs to Ht when defined. When 
Hj is defined and HJ 7^ 0, we define the relative density (at I) of H as dj(H) = \Hj\/\Hf\. We also 
call di{H) the /-density of H . We define the absolute density of Hi as d(Hi) = \Hi\/Y\ ieI |Aj|. 



To illustrate Definition 3.6, note that H* = Aj and di(H) = d(Hi) = \Hi\/\Xi\ when defined. 



If H^ is defined then H*- = Hi x Hj and dij(H) = \Hij\/\H?A is the density of the bipartite graph 
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Hij with parts Hi and Hj. We have d(Hij) = dij(H)di(H)dj(H), so d(Hij) = dij(H) in the case 
when Hi = Xi and Hj = Xj. Also, if Hij, H^ and Hjk are defined then H*- k = Tijk(H) is the set of 
triangles in H of index ijk. We also note that if any of the H^ is undefined it behaves as if it were 
equal to H*j, e.g. if Hij is undefined and H^ and Hjj. are defined then H*- k is the set of triangles in 



(H*j, -Hjfe, Hjk). As an illustration of Definition 3.5, we note that iJ| = K(X)[Hf<]j , recalling that 



K(X) is the complex of r-partite sets and Hj< = Uj/r/P/'- 

Now suppose H is a 3-partite 3-complex on A" = X\ U X2 U A3 such that P123 is defined 
and -ff*23 7^ 0- Suppose G C H is a 2-complex such that G12, G13 and G23 are defined. Then 



C123 = Pi23(G) and P* 2 3 = Pi23(P)- By Definition 3.5 we have H[G\\2Z = P123 H G\ 2 % and 



P[G]^ 3 = G^ 23 , so by Definition [3T6|di 2 3 (ff[G]) = \H D C^ 2 3 1 /I ^123 1 • Therefore P123 is e-regular if 
whenever |G ? J 23 | > e|P* 23 | we have G?i23(P[G]) = d\22,{H) ± e. 

For the remainder of this section we let H be an r-partite 3-complex on A = X\ U • • • U X r , and 
G be an r-partite 3-complex on V = V\ U • • • U V^., with |V$| = |Aj| for 1 < i < r. We want to find 
an embedding <p of H in G. Our algorithm will consider the vertices of A in some order and embed 
them one at a time. At some time t in the algorithm, for each S G H there will be some jS^-graph 
Fs{t) Q Gs consisting of those sets P G G5 that are free for S 1 , in that mapping S to P is locally 
consistent with the embedding so far. These free sets will be mutually consistent, in that 

F s <(t) = U s ,csFs'(t) (3) 

is a complex for every S € H. We use the convention that Fs(t) is undefined for any S ^ H. Note 
that ([3]) applies even for S ^ H. 

Initially we define Fs(0) = Gs for all S £ H. Now suppose we have defined Fs(t — 1) for all 
S £ H and then at time t we embed some vertex x G A to some vertex y G — 1). We will 
use this notation consistently throughout the paper. Then for any S G H containing x we can only 
allow sets in Fg(t) that correspond to mapping x to y, i.e. Fs(t) = F$(t — l) y , which is our notation 
for {P G Fs(t — 1) : y G P}. Also, for any S in the neighbourhood complex H{x), i.e. a set 5 
not containing x such that £2; = S U {x} G i?, in order for F${t) to be mutually consistent with 
Fsx(t) = {P G Fsx(t — 1) : y G P}, we can only allow sets in Ps(i) that are in the neighbourhood of 
y, i.e. Fs(t) = Fs x (t — l)(y), which is our notation for {P : P U {y} G Psu{:c}(^ — !)}• Finally, we 
need to consider the effect that embedding x has for sets S* that do not contain x and are not even 
in the neighbourhood complex H(x). Such a set S may contain a set S" in H(x), so that Fs>(t) is 
affected by the embedding of x. Then mutual consistency requires for that any set P G Fg(t), the 
subset of P corresponding to S' must belong to Fg* (t) . We need to include these restrictions for all 
subsets S' of S. Also, as we are using the vertex y to embed x we have to remove it from any future 



free sets. Thus we are led to the following definition. (Lemma 3.10 will show that it is well-defined.) 

Definition 3.7. (Update rule) Suppose x is embedded to y at time t and S G H. 

IfxeSwe define F s (t) = F s (t - l) y = {P G Fg(t - 1) : y G P}. If x ^ S we define 

S.x = (S\X x )U{x}, C s <(t)=Fg_ x <(t-l)(y) and F s (t) = F s <(t - l)[C s <(t)] s \ y. 

Note that S.x is either Sx = S U {x} if i{x) £ i(S) or obtained from Sx by deleting the element 
in S of index i(x) if i{x) G i(S). Thus S.x C A is r-partite. Also, the notation l \y' means that we 
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delete all sets containing y; this can have an effect only when i(x) G i(S). We will show below in 



Lemma 3.10 that Definition 3.7 makes sense, but first we will give an example to illustrate how it 
works. 

Example 3.8. Suppose that H and G are 4-partite 3-complexes, and that we have 4 vertices Xi G Xi, 
1 < i < 4 that span a tetrahedron K\ in H, i.e. H contains every subset of {x\, X2, x%, x&}. Suppose 
also that we have the edg GS X X 2 X 3 and X -y X^X ^ and all their subsets for some other 4 vertices x\ G Xj, 
1 < i < 4, and that there are no other edges of containing any x% or a^, 1 < i < 4. Initially we have 
-^s(O) = Gs for every S £ H. Suppose we start the embedding by mapping x\ to some v\ G V% at time 



1. Applying Definition 3.7 to sets S containing x\ gives F X1 (1) = -F xi:Ei (l) = {-P G Gii : «i G P} 



for 2 < i < 4, and ^^.(1) = {P G G Mi : m G P} for 2 < i < j < 4. 



Next we consider some examples of Definition 3.7 for sets not containing x\. We have C <(1) = 
(F XlXi (0)( Vl ),{<b}) = (G(v 1 ) i ,{$}) for 2 < i < t^then F x .(l) = F '<(0)[C <(1)] 4 \ v x = G{v x )i. 

i i 

Similarly, we have F XiX .(l) = G{v\)ij for 2 < i < j < 4. For X2X3X4 we have 

^WjW = U F s*M(vi) = G( Vl ) 23 < U G( Vl ) 24 < U G( Vl ) M <. 

SCX2X3X4 

Therefore F X2X „ x Al) = F <(0)[C <(1)]234 \ v i consists of all triples in G234 that also form a 
triangle in the neighbourhood of t>i, and so complete v\ to a tetrahedron in G. 

For x' 2 x 3 , we have C^fl) = G(ui) 3 <, so ^^(1) = P., a .|(0)[C^ a ,|(l)] 2 3 \ «i consists of all 
pairs in G23 that contain a Gi3-neighbour of v\. For x 2 , G^z^l) = ({0}) is the empty complex, so 
F x ' 2 (l) = F x , 2 <(Q))[C xl <{l))2 \vi = F x / (0) is unaffected. (Recall that J[({0})] = J for any complex 
J.) Finally we give two examples in which the deletion of v\ has some effect. For x^x'^xs, we 
have x[x 2 x 3 .xi = x x x' 2 x 3 , P. ia .^(0) = F xix f(°) u F x' 2 xf^ = G ^< u G 23<> and £44^ ( x ) = 
F x lX ' 2 xf(°^) = ( G (^)3>{0}) = GK) 3 <- Then /;,, " h) = G 12 3<[G( Wl ) 3 <] soF^ l3 (l) 
consists of all triples T in G123 not containing v\ such that T D V3 is a neighbour of vj. For 3^X3, 
C x i^ x i < (1) is the empty complex, so ^^^(1) = i* 1 ^^ (0) \ Ui consists of all pairs in G13 that do not 
contain v\. 



Now we prove a lemma which justifies Definition 3.7 and establishes the 'mutual consistency' 



mentioned above, i.e. that F s <(t) is a complex. First we need a definition. 

Definition 3.9. Suppose S C X is r -partite and I C i(S). We write Si = S n Ujg/Xj. W^e ako 
write St = >%t) / or an 2/ r -partite set T with i(T) C i(S'). 

Lemma 3.10. Suppose S Q X is r-partite and t > 1. If x £ S then C s <(t) is a subcomplex of 
F 3 <(t - 1) and F s <(i) = F 5 <(t - l)[C s <(i)] \ y is a complex. If x € S then F s (t) = F s {t - 
F SVE (t) = F S (< - l)(y) and F 5 <(t) = F s <(t - 1)» U F 5 <(t - l)(y) is a compZex. 

Proof. Note that ^^(O) = G 5 < is a complex. We prove the statement of the lemma by induction 
on t. The argument uses the simple observation that if J is any complex and v is a vertex of J then 
J(v) and J v U J(i>) are subcomplexes of J. 

First suppose that x ^ S. Since F s <(t — 1) is a complex by induction hypothesis, C s <(t) = 
F Sx <(t — l)(y) is a subcomplex of F Sx <(t — 1), and so of F s <(t — 1). For any S' C 5 write 
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J(S') = F s ,<(t — l)[C s ,<(t)] \ y. Then J(S') is a complex, since restriction to a complex gives a 
complex, and removing all sets containing y preserves the property of being a complex. Furthermore, 



J(S')s> = Fs>(t) by Definition 3.7 We also have J(S)s> = J(S')s', since a set A' of index S' belongs 
to F S /< (t — 1) if and only if it belongs to F s < (t— 1), and any BOA' belongs to C S /< (i) if and only 
if it belongs to C s <(t). Therefore F s <(t) = J(S) = F s <(t — l)[C s <(t)] \ y is a complex. 

Now suppose that x £ S. Then Fs(t) = Fs(t — l) y by definition. Next, note that Cg\ x <(t) = 
F s<( f ~ !)(y) is a complex, and F s \ x <(t - l)[C s \ x <(t)] s \ x = F s (t - l)(y) by equation Q. Since S 
is r-partite, deleting y has no effect, and we also have F s \ x (t) = F$(t — l)(y). Therefore F s <(t) = 
U xe s>cs(F S i(t - l) y U F 3 ,{t - l)(y)) = F s <(t - 1)» U F s <(t - l)(y) is a complex. □ 

We will also use the following lemma to construct F$(t) iteratively from {Fg>(t) : 5' C 5}. 

Lemma 3.11. Suppose that S G H , \S\ > 2, x £ S and S £ H{x). Write F s <(t) = U s >csF s >(t). 
ThenF s <(t)=F s <(t-l)[F s <(t)}. 

Proof. First note that for any A with \A\ < \S\ we have A G F s <(t) 45 A G F s <(t) 45 A G 
F S<( f ~ l )[ F S<(t)]- Now suppose A G F s (t). Then A G F s <(t - 1) and A' G F s <(t) for every 
A' C A, so A e F s <(t - l)[F s <(t)]. Conversely, suppose that A G F s <(t - l)[F s <(t)] s . For any 
S'CS with S' G H(x) we have F s ,(t) = F s , x {t - l)(y), so A s > G - l)(y) C C s <{t). Also 

C s <(t)s> is undefined for 5" ^ H(x); in particular, our assumption that S ^ ^(ic) means that 
C s <(t)s is undefined. Therefore As> G C s <(t) for every S' C S such that C s <(t)s> is defined, i.e. 
A G F s <(t — l)[C s <(t)]s. Also, if G then writing z = S x = S n X z G 5 < , we have 

A n T4 G = F*(i - 1) \ y, so y ^ A Therefore A G F 5 < (i - l)[C s <(t)] s \ y = F s (t). □ 

We referred to 'local consistency' when describing the update rule because it only incorporates 
the effect that embedding x has on sets containing at least one neighbour of x. To illustrate this, 



recall that in Example 3.8 above we have F X > (1) = F x i (0) = G<i- Now H contains 2:13:3 and x\ is 
embedded to v\, so £3 must be embedded to a vertex in G(vi)s. Also, H contains 2/2X3, so an y image 
of x' 2 must have a neighbour in G{v\)^. This may not be the case for every vertex in G2, so there 
is some non-local information regarding the embedding that has not yet been incorporated into the 
free sets at time 1. In light of this, we should admit that our description of sets in Fs(t) as 'free' 
is a slight misnomer, as there may be a small number of sets in Fg(t) that cannot be images of S 
under the embedding. This was the case even for the graph blow-up lemma, in which we described 
vertices in F x (t) as 'free' images for x but then only allowed the use of OK x {t) C F x (t). On the 
other hand, our definition of free sets is relatively simple, and does contain enough information for 
the embedding. To see this, note that by definition of restriction F s <(t) is a subcomplex of G s < at 
every time t, and when all vertices of S are embedded by <f> we have Fg(t) = {(j)(S)} with 4>(S) G Gs- 
Furthermore, by removing all sets that contain y in the definition of Fs(t) we ensure that no vertex is 
used more than once by (f>. Therefore it does suffice to only consider local consistency in constructing 
the embedding, provided that the sets F$(t) remain non-empty throughout. The advantage is that 
we have the following simple update rule for sets S that are not local to x. 

Lemma 3.12. If S does not contain any vertex in {x} U VNh(x) then F$(t) = F$(t — 1) \ y. 
Proof. Note that C s <(t) = F Sx <(t - l)(y) = ({0}) is the empty complex. □ 
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We will also need to keep track of the marked triples M during the embedding algorithm. Initially, 
we just have some triples in G that are marked as forbidden for any triple of H . Then, as the algorithm 
proceeds, each pair of H is forbidden certain pairs of G, and each vertex of H is forbidden certain 
vertices of G. We adopt the following notation. 

Definition 3.13. For any triple E £ H we write E l for the subset of E that is unembedded at time 
t. We define the marked subset of F E t(t) corresponding to E as 

M E t >E (t) = {P£ F E t(t) :PU(f>(E\ E*) £ M E }. 

In words, M E t E (t) consists of all sets P in F E t(t) that cannot be used as images for E l in 
the embedding, because when we add the images of the embedded part E\E l of £ we obtain a 



marked triple. To illustrate this, suppose that in Example 3.8 we have some marked triples M. 
At time t = 1 we map x\ to v\, and then the free set for X2X3 is F X2X . 3 (1) = G(fi)23- Since the 
edges Myiz are marked as forbidden, we will mark M(vi)23 Q G(vi) 2 3 as forbidden by defining 
M X2X3tXlX2X3 (l) = M(vi)23- As another illustration, recall that F X2X3XA (1) consists of all triples in 
G234 that also form a triangle in the neighbourhood of v\. Then M X2X3X4;X2X3X4 (1) = M n F X2X3X4 {1) 
consists of all triples in M234 that also form a triangle in the neighbourhood of v\. 

For any triple E containing x such that E t ~ 1 = x we will choose y = 4>( x ) ^ M x>E (t — 1). This 
will ensure that (fi(E) £ M. The following lemma will enable us to track marked subsets. The proof 
is obvious, so we omit it. 

Lemma 3.14. 

(i) IfxeE then E 1 = E 1 ' 1 \x and M E t E (t) = M E t-x iE (t - l)(y). 

(ii) Ifx^E then E l = E 1 ' 1 and M E t E (t) = M E t-i )E (t - 1) D F E t(t). 

We need one more definition before we can define super-regularity. It provides some alternative 
notation for describing the update rule, but it has the advantage of not referring explicitly to any 
embedding or to another complex H. 

Definition 3.15. Suppose G is an r-partite 3-complex on V = V\ U • • • U V r , 1 < i < r , v £ Gi and 

I is a subcomplex of (^) . We define G Iv = G[UseiG(v)s]- 



We will now explain the meaning of Definition 3.15 and illustrate it using our running Example 



3.8 



To put it in words, G Iv is the restriction of G obtained by only taking those sets A G G 
such that any subset of A indexed by a set S in I belongs to the neighbourhood G(v), provided 



that the corresponding part G(v)s is defined. In Example 3.8 we have C <(1) = (G(ui)2,{0}) and 



F X2 (l) = G 2 <[C x <{\)} 2 = G{v x ) 2 . Choosing J = 2- = ({2},{0}) we have C<(1) = U SeI G( Vl ) s 



and so F X2 (1) = G 2 V1 ■ Similarly, choosing I = 23- we have C <(1) = Use/G^w^s and F X2X3 (1) = 

G , 23<[C x <(l)]23 = G(7Ji) 23 = G23 1 . Also, choosing / = 23^ U 24^ U 34^ we see that F X2X3X4 (1) = G 23 \ 
consists of all triples in G234 that also form a triangle in the neighbourhood of v\. In general, we 
can use this notation to describe the update rule for any complex H if we embed some vertex x of 
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H to some vertex v of G at time 1. If x £ S E -ff we have = as before. If x ^ S" we let 

/ = {i(S') :S'CS, S'x e H} and then F s (l) = G§ \ v. 

Finally, we can give the definition of super-regularity. 



Definition 3.16. (Super-regularity) Suppose G is an r-partite 3-complex on V = V\ U • • • U V r and 
M C G= := {S £ G : \S\ = 3}. VFe say that the marked complex (G,M) is (e, e', (f2, 9, d^) -super- 
regular i/ 

(i) G is e-regular, and ds{G) > d\$\ if \S\ = 2, 3 and Gs is defined, 

(ii) for every 1 < i < r, v £ Gi and S such that Gsi is defined, \M(v)s\ < 9\G(v)s\ if \S\ = 2 
and G(v) is an e' -regular 2-complex with ds(G(v)) = (1 ± e')ds(G)dsi(G) for S ^ 0, 

(Hi) for every vertex v and subcomplex I of (< 3 ), \{M n G Iv )s\ < if \S\ = 3, and G Iv is 

an e' -regular 3-complex with densities (when defined) 



(l±e')d s (G) if Si I, 

(1 ± e')d s (G)d S i(G) iftt^S el and G Si is defined. 



Just as one can delete a small number of vertices from an e-regular graph to make it super-regular, 



we will see later (Lemma 5.9) that one can delete a small number of vertices from an e-regular marked 



3-complex to make it super-regular. For now we will just explain the meaning of Definition 3.16 with 
reference to our running example. First we remark that the parameters in the definition are listed 
according to their order in the hierarchy, in that e <C e' <C c?2 "C 9 -C cfe. Thus we consider a dense 
setting, in which the regularity parameters e and e' are much smaller than the density parameters efo 
and d%. However, one should note that the marking parameter 6 has to be larger than the density 
parameter d,2, which is the source of some technical difficulties in our arguments. We will bound the 
marked sets by a increasing sequence of parameters that remain small throughout the embedding. 
For now we just see what the definition of super-regularity tells us about the first step. 

Condition (i) just says that G is a regular complex and gives lower bounds for the relative densities 
of its parts. Condition (ii) is analogous to the minimum degree condition in the definition of super- 
regularity for graphs. The second part of the condition says that the neighbourhood is a regular 
complex, and that its relative densities are approximately what one would expect (we will explain the 
formulae later) . The first part says that the proportion of marked edges through any vertex is not too 
great. We need this to control the proportion of free sets that we have to mark as forbidden during 



the embedding algorithm. To illustrate this, suppose that in Example 3.8 we have some marked 
triples M. At time t = 1 we map x\ to v\, and then the free set for £2X3 is F X2X3 {1) = ^(^1)23. 
Since the edges M123 are marked as forbidden, we will mark M X2X3tXlX2X3 (l) = M(v±)23 C G(v\)23 as 
forbidden. Condition (ii) ensures that not too great a proportion is forbidden. Note that the density 
of the neighbourhood complex G(vi) will be much smaller than the marking parameter 9, so this 
does not follow if we only make the global assumption that M is a small proportion of G. 

Condition (iii) is the analogue to condition (ii) for the restrictions that embedding some vertex 
can place on the embeddings of sets not containing that vertex. A very simple illustration is the 
case I = ({0}), which gives \Mg\ < 9\Gg\ when defined. (This could also be obtained from condition 



(ii) by summing over vertices v.) For a more substantial illustration, consider Example 3.8 and the 
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subcomplex / = 23- U 24- U 34-. We noted before the definition that F X2XsX4 (l) = G234 consists 
of all triples in G234 that also form a triangle in the neighbourhood of v\. The second part of 
condition (iii) ensures that F <(1) = G^ A< is a regular complex, and that its relative densities 

v ' 122:3^4 234- r 1 

are approximately what one would expect (again, we will explain the formulae later). The first part 
of condition (iii) again is needed to control the proportion of free sets that are marked. We will mark 
M X2X . iX4 , X2X3X4 (l) = M n F X2X3Xi (l) = (M n G / "i) 2 34 as forbidden in F X2XaX4 (l), and the condition 
says that this is a small proportion. Again, since the neighbourhood of v\ is sparse relative to G, 
this does not follow only from a global assumption that M is a small proportion of G. 



As another illustration of condition (iii), suppose that we modify Example 3.8 by deleting the edge 
Xl x 2 x 3 fromtf. Then a % <(1) = G( Vl ) u <UG( Vl ) 34 < and F X2XzX4 (l) = F ^ (0)[C ^ (1)] 234 \ 
V\ consists of all triples 5 £ G234 such that S24 and S34 are edges in the neighbourhood of v% . Taking 
/ = 24- U 34- we have F X2X3X4 (1) = G 2 34- So condition (iii) tells us that also with this modified 
H, after embedding x\ to v\ the complex F <(1) is regular and we do not mark too much of 
F X2X3X4 (1) as forbidden. 



4 The 3-graph blow-up lemma 

In this section we prove the following blow-up lemma for 3- graphs. 

Theorem 4.1. (3-graph blow-up lemma) Suppose H is an r-partite 3-complex on X = X\ U 
• • • U X r of maximum degree at most D, (G, M) is an (e, e', d 2 , 0, d 3 ) -super-regular r-partite marked 
3-complex on V = V\ U • ■ • U V r , where n < \Xi\ = \Vi\ = \G%\ < Cn for 1 < i < r , Gs is defined 
whenever Hs is defined, andO <C l/n -C e <C e' <^ d 2 -C <C ds, 1/r, 1/D, 1/C. Then G\M contains 
a copy of H , in which for each 1 < i < r the vertices of Vj, correspond to the vertices o/Xj. 



Theorem |4.1| is similar in spirit to Theorem 2.1 informally speaking, we can embed any bounded 
degree 3-graph in any super-regular marked 3-complex. (The parallel would perhaps be stronger if 
we had also introduced marked edges in the graph statement; this can be done, but there is no need 
for it, so we preferred the simpler form.) We remark that we used the assumption \Vi\ = = n 
in Theorem 2.1 for simplicity, but the assumption n < \Vi\ = |Xj| < Cn works with essentially the 
same proof, and is more useful in applications. (Arbitrary part sizes are permitted in [24j, but this 
adds complications to the proof, and it is not clear why one would need them, so we will not pursue 
this option here.) There are various other generalisations that are useful in applications, but we will 
postpone discussion of them until we give the general hypergraph blow-up lemma. Theorem 4.1 is 



already sufficiently complex to illustrate the main ideas of our approach, so we prove it first so as 
not to distract the reader with additional complications. 

The section contains six subsections, organised as follows. In the first subsection we present the 
algorithm that we will use to prove Theorem 4.1 and also establish some basic properties of the 
algorithm. Over the next two subsections we develop some theory: the second subsection contains 
some useful properties of restriction (Definition 3.5); the third contains some properties of regularity 
for 3-graphs, which are similar to but subtly different from known results in the literature. Then we 



start on the analysis of the algorithm, following the template established in the proof of Theorem 2.1 
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The fourth subsection concerns good vertices, and is analogous to Lemma 2.4 The fifth subsection 
concerning the initial phase is the most technical, containing three lemmas that play the role of 
Lemma 2.5 for 3-graphs. The final subsection concerns the conclusion of the algorithm, and is 



analogous to Lemma |2.6| and Theorem 2.7 



4.1 The embedding algorithm 



As for the graph blow-up lemma, we will prove Theorem 4.1 via a random greedy algorithm to 
construct an embedding (j) : V(H) —> V(G) such that (p(e) G G\M for every edge e of H. In outline, 
it is quite similar to the algorithm used for graphs, but when it comes to details the marked edges 
create significant complications. We introduce more parameters with the hierarchy 

< 1/n < e < e < e ,o «:■••< ei 2 D,3 < e* < Po < 7 < <5q < P < d« < cfe 
< < < O < • • • < 6»i2D < ^12D < < < < ^3, 

Most of these parameters do not require any further comment, as we explained their role in the graph 
blow-up lemma, and they will play the same role here. We need many more 'annotated e' parameters 
to measure regularity here, but this is merely a technical inconvenience. The parameters j with 
< i < 12D and < j < 3 satisfy €{j <C j* when i < i' or i = i' and j < j' . Because of the 
marked edges, we also have new 'annotated parameters, which are used to bound the proportion of 
free sets that are marked. It is important to note that the buffer parameter 5b and queue admission 
parameter 5q are larger than the marking parameter 9, which in turn is larger than the density 
parameter di- The result is that the queue may become non-empty during the initial phase, and 
then the set N of neighbours of the buffer B will not be embedded consecutively in the order given 
by the original list L. To cope with this, we need a modified selection rule that allows vertices in N 
to jump the queue. 



Initialisation and notation. We choose a buffer set B C X of vertices at mutual distance at least 
9 in H so that \B D -Xj| = <5e|Xj| for 1 < i < r. Since n < \X{\ < Cn for 1 < i < r and H has 
maximum degree D we can construct B simply by selecting vertices one-by-one greedily. For 
any given vertex there are at most (2D) 8 vertices at distance less than 9, so at any point in 
the construction we have excluded at most (2D) 8 r5BCn vertices from any given X{. Thus we 
can construct B provided that (2D) 8 r5BC < 1. 

Let N = U x( zbV Nh{x) be the set of vertices with a neighbour in the buffer. Then \N D X{\ < 
2Dr5BCn < -JJbti for 1 < i < r. 

We order the vertices in a list L = L(0) that starts with N and ends with B. Within N, 
we arrange that VNh(x) is consecutive for each x G B. We denote the vertex of H selected 
for embedding at time t by s(t). This will usually be the first vertex of L{t — 1), but we will 
describe some exceptions to this principle in the selection rule below. 

We denote the queue by q{t) and write Q(t) = U u <t q(u). We denote the vertices jumping the 
queue by j(t) and write J(t) = U u <t j(u). Initially we set q(0) = Q(0) = j(0) = J(0) = 0. 

We write F$(t) for the sets of Gs that are free to embed a given set S of H. We also use the 
convention that Fg(t) is undefined if S ^ H. Initially we set Fs(0) = Gs for S G H. We also 
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write Xi(t) = X,- L \ {s(u) : u < t} for the unembedded vertices of X{ and Vi(t) = Vi \ {<fi(s(u)) : 
u < i] for the free positions in V£. We let X(t) = U r i=1 Xi(t) and V(t) = U T i=1 Vi(t). 

Iteration. At time t, while there are still some unembedded non-buffer vertices, we select a vertex 
to embed x = s(t) according to the following selection rule. Informally, the rule is that our top 
priority is to embed any vertex neighbourhood VNh(x) with x E B as a consecutive sequence 
before embedding x itself or any other vertex with distance at most 4 from x, and our second 
priority is to embed vertices in the queue. Formally, the rule is: 

• If j(t - 1) / we select x = s(t) to be any element of j(t — 1), 

• If j(t — 1) = and q(t — 1) ^ we consider any element x 1 of q{t — 1). 

— If the distance from x' to all vertices in the buffer B is at least 5 then we select 
x = x' = s(t). 

— Otherwise, there is a vertex x" E B at distance at most 4 from x', and x" is unique 
by the mutual distance property of B. If there are any unembedded elements of 
VNh(x"), we choose one of them to be x = s(t), choosing x' itself if x' G VNh(%"), 
and put all other unembedded vertices of VNh{x") in j(t). If all of VNh{x") has 
been embedded we choose x = x' = s(t). 

• If j(t — 1) = q(t — 1) = we let x = s(t) be the first vertex of L(t — 1). 

We choose the image 4>{x) of x uniformly at random among all elements y E F x (t — 1) that 
are 'good', a property that can be informally stated as saying that if we set (j)(x) = y then 
the free sets F$(t) will be regular, have the correct density, and not create too much danger of 
using an edge marked as forbidden. Now we will describe the formal definition. Note that all 
expressions at time t are to be understood with the embedding <p{x) = y, for some unspecified 
vertex y. 

Definitions. 

1. For a vertex x we write v x {t) for the number of elements in VNh(x) that have been embedded 
at time t. For a set S we write vs(t) = Yly^s u y(t)- W e also define v' s {t) as follows. When 
\S\ = 3 we let v' s {t) = u s (t). When \S\ = 1,2 we let u' s (t) = u s (t) + K, where K is the 
maximum value of v' Sx t{t') over vertices x' embedded at time t' < t with S £ H(x'); if there is 
no such vertex x' we let v' s (t) = vs(t). 



2. As in Definition 3.7, for any r-partite set S we define Fg(t) = F$(t — l) y if x G S or Fs(t) = 
F s <(t-l)[F Sx <(t-l)(y)] s \y if x £ S. For any sets S' C S we write d s ,(F(t)) = d s ,(F s <(t)); 
there is no ambiguity, as the density is the same for any S containing S' . 

3. We say that S is unembedded if every vertex of 5 is unembedded, i.e. s(u) ^ S for u < t. 
We define an exceptional set E x (t — 1) C F x (t — 1) by saying y is in F x (t — 1) \ E x (t — 1) if and 
only if for every unembedded / S G H(x), 

d s (F(t)) = (1 ± e^ (t)i0 )^(F(t - l))d 5 ,(F(t - 1)) j 
and ^(t) is e^/ ( t ) j0 -regular when |5| = 2. J 



Lemma 4.13 will imply that E x (t — 1) is small compared to F x (t — 1) 
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4. As in Definition |3.13| for any triple E G H we write E l for the subset of E that is unembedded 
at time t and M E t^ E {t) = {P G F E t(t) : P U 4>(E \ E l ) G M E }. We define 

D x , E (t -l) = {ye F x (t - 1) : \M E t >E (t)\ > 6 U , {t) \F E t(t)\} . 

E L 



Intuitively, these sets consist of vertices y to which it is dangerous to embed x. Lemma 4.15 
will show that only a small proportion of free vertices are dangerous. 

5. Let U(x) be the set of all triples E G H with E l ~ l n (VN H (x) U x) ^ 0. We obtain the set 
of good elements OK x {t — 1) from F x (t — 1) by deleting E x (t — 1) and D XfE (t — 1) for every 
E G U{x). 

We embed x as (j)(x) = y where y is chosen uniformly at random from the good elements of 
F x (t — 1). We conclude the iteration by updating L(t — 1), q(t — 1) and j(i — 1). First we remove 
x from whichever of these sets it was taken. Then we add to the queue any unembedded vertex 
z for which F z [t) has become 'too small'. To make this precise, suppose z G L(t — 1) \ {x}, 
and let t z be the most recent time at which we embedded a vertex in VNh(z), or if there is 
no such time. (Note that if z G VN H (x) then t z = t.) We add z to q(t) if |-F z (t)| < S' Q \F z (t z )\. 
This defines L(t), q{t) and j(t). 

Repeat this iteration until the only unembedded vertices are buffer vertices, but abort with 
failure if at any time we have \Q(t) n Xi\ > 5Q\Xi\ for some 1 < i < r. Let T denote the time 
at which the iterative phase terminates (whether with success or failure). 

Conclusion. Suppose x G X{T) is unembedded at time T and we embed the last vertex of yiV#(:E) 
at time t x . We define the following available sets for x. We let A x be obtained from F x (t x ) 
by removing all sets M XjE (t x ) for triples E containing x. We let A' x = A x n V X (T). We choose 
a system of distinct representatives for {A' x : x G X(T)} to complete the embedding, either 
ending with success if this is possible, or aborting with failure if it is not possible. 



To justify this algorithm, we need to show that if it does not abort with failure then it does 
embed H in G \ M. We explained in the previous section why the 'local consistency' of the update 
rule implies that it embeds H in G, so we just need to show that no marked edge is used. This 
follows from the following lemma. 

Lemma 4.2. Suppose x is the last unembedded vertex of some triple E at time t — 1. 
Then D XtE {t - 1) = M XyE (t - 1). If <f>(x) <£ M XyE (t - 1) then <f>(E) €G\M. 

Proof. Note that E 1 ^ 1 = x, E l = and F (i) = {0} is a set of size 1. If we were to choose 
V G M x E (t - 1) then we would get M^ E {t) = {0} and so \M^ E {t)\ = 1 > j t) = V , A M(t)\. 
On the other hand, if we choose y ^ M x ^ E (t — 1) then we get M$^ E (t) = and so \M(ft tE (t)\ = < 
®v' (t) = @v' (t) 1-^0 CO I • Therefore D x ^ E (t — 1) = M x-E {t — 1). The second statement is now clear. □ 

E z ^ ' E T 1 

It will often be helpful to use the following terminology pertaining to increments of v x {t). We 
think of time as being divided into x-regimes, defined by the property that vertices of VNh{x) are 
embedded at the beginning and end of x-regimes, but not during x-regimes. Thus the condition for 
adding a vertex z to the queue is that the free set for z has shrunk by a factor of 5'q during the 
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current z-regime. Note that each vertex x defines its own regimes, and regimes for different vertices 
can intersect in a complicated manner. 

Note that any vertex neighbourhood contains at most 2D vertices. Thus in the selection rule, 
any element of the queue can cause at most 2D vertices to jump the queue. Note also that when a 
vertex neighbourhood jumps the queue, its vertices are immediately embedded at consecutive times 
before any other vertices are embedded. 

We collect here a few more simple observations on the algorithm. 
Lemma 4.3. 

(i) For any 1 < i < r and time t we have \Vi(t)\ > 5sn/2. 

(ii) For any t we have \J(t)\ < 2D\Q(t)\ < ^Jl^n. 

(Hi) We have v x (t) < 2D for any vertex, Vg(t) < 6D when \S\ = 3, v s (t) < 10D when \S\ = 2, and 
v's$) — ^2D when \S\ = 1. Thus the e-subscripts are always defined in (*B7n)- 

(iv) For any z G VNjj(x) we have v z (t) = v z (t — 1) + 1, so for any S G H that intersects VNh(x) 
we have vs{t) > vs{t — 1)- 

(v) Ifvs{t) > v s {t - 1) then v' s (t) > u' s {t - 1). 

(vi) If z is embedded at time t' < t and S G H(z) then v'g{t) > v's z (t) > v 'sztf ~ 

Proof. As in the graph blow-up lemma, we stop the iterative procedure when the only unembedded 
vertices are buffer vertices, and during the procedure a buffer vertex is only embedded if it joins the 
queue. Therefore \Vi(t)\ > \B n Vi\ - \Q(t) n Vi\ > 5 B n - 5 Q Cn > 5 B n/2, so (i) holds. The fact that 
an element of the queue can cause at most 2D vertices to jump the queue gives (ii). Statements 
(iii) and (iv) are clear from the definitions. Statement (v) follows because i/g(t) and u' s (t — 1) are 
obtained from vs(t) and vs(t — 1) by adding constants that are maxima of certain sets, and the set 
at time t includes the set at time t — 1. For (vi) note that v' s (t) = fs(t) + K, with K > v' Sz {t) and 

> "Li* - 1) w ( iv ) and ( v )- n 



4.2 Restrictions of complexes 

Before analysing the algorithm in the previous subsection, we need to develop some more theory. In 
this subsection we prove a lemma that justifies various manipulations involving restrictions (Defini- 
tion 3.5). We often consider situations when several restrictions are placed on a complex, and then 



it is useful to rearrange them. We define composition of complexes as follows. 

Definition 4.4. We write x G* S to mean that x G S or S is undefined. Suppose G and G' are 
r -partite 3-complexes on X = X± U • • -UX r . We define (G*G')s if Gs or G' s is defined and say that 
S G (G* G')s if A G* Ga and A G* G' A for any ACS. We say that G, G' are separate if there is no 
S with Gs and G' s both defined. Given complexes G 1 , ■ ■ ■ , G t we write Ot=i Ji = Ji * ' ' ' * Jt- 
Similarly we write OieJ f or the composition of a collection of complexes {J 1 : % G /}. 



23 



Note that G (1 G' C G * G' C GUG'. To illustrate the relation G*, we note that if G is a 
subcomplex of -ff then [G] is the set of all S E H such that ig* G^ for all A C S\ It follows that 
H * G = H[G], see (vi) in the following lemma. More generally, the composition G * G' describes 
'mutual restrictions', i.e. restrictions that G places on G' and restrictions that G' places on G. We 



record some basic properties of Definition 4.4 in the following lemma. Since the statement and proof 
are heavy in notation, we first make a few remarks to indicate that the properties are intuitive. 
Property (i) says that mutual restrictions can be calculated in any order. Property (ii) says that 
a neighbourhood in a mutual restriction is given by the mutual restriction of the neighbourhoods 
and the original complexes. Property (iii) says that separate restrictions act independently. The 
remaining properties give rules for rearranging repeated restrictions. The most useful cases are (v) 
and the second statement in (vi), which convert a repeated restriction into a single restriction (the 
other cases are also used, but their statements are perhaps less intuitive). One should note that the 
distinction made earlier between 'empty' and 'undefined' is important here; e.g. (G*G')s undefined 
implies that Gs and G' s are undefined, but this is not true with 'undefined' replaced by 'empty'. 

Lemma 4.5. Suppose H is an r ■-partite 3-complex and G,G',G" are subcomplexes of H . 

(i) * is a commutative and associative operation on complexes, 

(ii) (G * G') s < (v) = G sv ,< * G" 5V ,< * G s < (v) * G' s < (t;) for any v G S G G U G' , 

(iii) If G, G' are separate then G *G' = GUG' and H[G][G'\ = H[G'][G] = H[G U G'}, 

(iv) H[G][G * G'] = H[G'][G * G'}, 

(v) IfG' is a subcomplex of H[G] then H[G][G'] = H[G*G'\. 

(vi) IfG' is a subcomplex of G then G * G' = G[G'\ and H[G][G[G')} = H[G'\[G[G'\] = H[G][G']. 
If also G' s is defined whenever Gs is defined then H[G][G'] = H[G']. 

Proof, (i) By symmetry of the definition we have commutativity G * G' = G' * G. Next we show 
that G * G' is a complex. Suppose AC S' ^ S £ G*G'. Since S'CSeGuG'we have 5'eGU G' . 
Since A C S £ G * G' we have A G* G A and A G* G' A . Therefore S' G G * G', so G * G' is a 
complex. Now we show associativity, i.e. (G * G') * G" = G * (G' * G"). Suppose S G (G * G') * G" . 
We claim that for any A C S we have A G* Ga, A G* G' A and A G* G" A . To see this, we apply 
the definition of (G * G') * G" to get A G* [G * G') A and A G* G" A . If A G (G * G') A we have 
A G* Ga and A G* G' A . Otherwise, (G*G')a is undefined, so Ga and G' A are undefined. This proves 
the claim. Now S G (G * G') * G" implies that SeGuG'U G", so S G G or S G G' U G". If 
S £G'U G" then by the claim we have A G* G' A and A G* G" A for A C S, so S G G 1 * G". Therefore 
S G G U (G' * G"). Also, if A C S with (G' * G") A defined then, for any A' C A, since A' C S, the 
claim gives A' G* G' A , and A' G* G^,. Therefore A G (G' * G")a- This shows that S£G*(G'* G"), 
so (G * G') * G" C G * (G' * G"). Also, G * (G' * G") = (G" *G')*GC G" * (G' * G) = (G * G') * G", 
so (G*G / )*G // = G*(G / *G"). 

(ii) Suppose v G 5 G G*G'. Then A G* G A and A G* G' A for any ACS. Applying this to A = A'v 
for any A! C S\v gives A' G* G A (v) and A' G* G' A {v). Thus 5\u G G s \ v < *G' < *G S < (u)*G^<(v). 
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Conversely, suppose that v G S G GUG' and S\v G G 5 \„< *G' S > < *G 5 < (u)*G' s < (v). Then A G* Ga, 

4 G* G' A , Av G* and Av G* G' A „ for any A C 5 \ «, so 5 g"g * G'. 

(iii) Suppose / A C 5 G G. Then A G Ga and G' A is undefined, since G, G' are separate. 
Therefore 5 G G * G', so G C G * G'. Similarly C C G * G', so G * G' = G U G'. Next we note that 
G' C H[G\: if 5 G G' then S £ H and G A is undefined for any ^ 4 C 5. Similarly G C H[G'], 
so H[G][G'} and H[G'][G] are well-defined. Now suppose S G F[G][G']. Since S G #[G], for any 
A C S we have A G* G A . Since 5 G fl"[G][G'] 5 for any A C 5 we have A G* G' A . This shows 
that S G H[G'][G] and 5 G ff[G' U G]. Applying the same argument to any S G H[G'][G] we 
deduce that H[G][G'} = H[G'][G] Q H[GUG'}. Conversely, if S G H[G U G'] then for any i C 5 
we have A G* Ga U G' A . Since G, G' are separate, we have A G* Ga and A G* G A . Therefore 

5 G H[G][G'] = H[G'][G]. It follows that H[G][G'} = H[G'][G] = H[G U G']. 

(iv) We first show that H[G][G * G'\ C #[G'][G * G']. Suppose 5 G F[G][G * G'\. Then 
5 G H[G] C F. Since 5 G ff[G][G * G'], for any A Q S we have AG* (G * G') A . Consider 
any A C 5 such that G' A is defined. Then (G * G')a is defined, so A G (G * G')a C G' a . Therefore 
5 G ff[G']. Now consider any A C 5 such that (G * G')a is defined. Since 5 G H[G][G * G'} we have 
A G (G * G')a- Therefore 5 G tf[G'][G * G'}. Similarly, H[G'][G * G'} C #[G][G * G'], so equality 
holds. 

(v) First we show that H[G * G'] C ff[G][G']. Suppose 5 G ff[G * G']. Then 5 G H. Also, for 
any A C 5 we have A G* (G * G')a, and so A G* Ga and A G* G' A . This implies that S G #[G], 
and then that S G i?[G] [G']. Now we show that H[G][G'} C H[G * G'}. Suppose 5 G #[G][G']. 
Then 5 G fl"[G] C ff. Since 5 G H[G], for any A C S we have A G* G A . Since 5 G ff[G][G'], for 
any A C 5 we have A G* G' A . Thus for any i' C i C S we have A' G* G A ' and A' G* G' A ,, so 
A G* (G * G')a- Therefore 5 G [G * G'\. 



(vi) We first note that G * G' = G[G'] is immediate from Definitions 4.4 and 3.5. Then 
H[G}[G[G'}} = H[G'][G[G'}} follows from (iv). Now we show that H[G][G[G'}] = H[G][G'}. Sup- 
pose that 5 G H[G][G[G']]. Then S G H[G]. Consider any AOS such that G' A is defined. Since 
S G H[G][G[G'}] we have A G G[G'] A , and so A G G' A . Therefore S G #[G][G']. Conversely, suppose 
that S G ff[G][G']. Consider any A C 5 such that G[G']a is defined. Then Ga is defined, so A G Ga, 
since S G ff[G]. Also, for any A' Q A with G' A , defined we have A' G G' A „ since 5 G iT[G][G']. 
Therefore A G G[G']a- This shows that S G -ff [G] [G[G']]. The second statement is immediate. □ 

4.3 Hypergraph regularity properties 

In this subsection we record some useful properties of hypergraph regularity, analogous to the stan- 
dard facts we mentioned earlier for graph regularity. Similar results can be found e.g. in [61 [9], 
but with stronger assumptions on the hierarchy of parameters. However, with the same proof, we 



obtain Lemma 4.6 under weaker assumptions on the parameters, which will be crucial to the proof 



of Lemma 4.13 We start with two analogues to Lemma |2.2[ the first concerning graphs that are 



neighbourhoods of a vertex, and the second sets that are neighbourhood of a pair of vertices. 

Lemma 4.6. (Vertex neighbourhoods) Suppose < e <C d and < rj -C <C d and G is a 

3-partite 3-complex on V = V\ U V2 U V3 with all densities ds(G) > d. Suppose also that G13, G12 
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are e-regular, and G 23 , G123 are rj-regular. Then for all but at most (4e + 2r/)|Gi| vertices v G G\ 
we have \G(v)j\ = (1 ± e)d\j{G)\Gi\ for j = 2, 3 and G(v)23 is an r]' -regular graph of relative density 
d 23 {G{v)) = (l± v ')d 123 (G)d 23 (G). 



Proof. First we apply Lemma 2.2 to see that all but at most 4e|Gi| vertices in G\ have degree 
{d\j{G) ± e)|Gj| in Gij, for j = 2,3. Let G[ be the set of such vertices. It suffices to show the 
claim that all but at most 2t/|Gx| vertices v G G[ have the following property: if A 2 Q G(v) 2 
and A3 C G(v) 3 are sets with > v'\G(v) 2 \ and \A^\ > r/'\G(v) 3 \, then the bipartite subgraph 
A 23 C G 2 3 spanned by A 2 and A3 has \A\^\ = (<i 23 (G) ±r])\A 2 \\A 3 \ edges, and the bipartite subgraph 
A(v) 23 C G(v) 23 spanned by A v 2 and A\ has \A(v) 2 z\ = (1 ± rf /2)di 23 {G)\A v 2Z \ edges. 

Suppose for a contradiction that this claim is false. Note that for any v G Cm and sets Ag C G(v) 2 , 
A\ C G(tj) 3 with |^| > t/|G(tj) 2 |, |^| > t/|G(u) 3 | we have \A)\ > rfid^G) - e)\G s \ > rj\Gj\ for 
j = 2, 3 so \A 23 \ = (^23 (C) =1= ''?) I ^2 1 1 ^3 1 since G 2 3 is 77-regular. Then without loss of generality, we can 
assume that we have vertices ,vt G G[ with i > 7/'|Gi|, and sets A v 2 C G(vi) 2 , A3* C G(vi) 3 

with |A^| > t/|G«) 2 | and |A^| > v ? / |G(v i ) 3 | 5 such that |A(^) 23 | < (1 - 7//2)di2 3 (G)|A^ 3 | for 
1 < i < i. Define tripartite graphs A* = A v 2 \ U {^a : a G A^ U Ag 1 } and A = U* =1 Aj. 

We can count the number of triangles in these graphs as Ti2 3 (A) = Yll=i ^123(A 1 ) = Yl\=\ \^2%\- 
Now t > rf\G x l \A V 23 \ > (d 23 (G) - t})\A%\\A*\, d 23 (G) > d, \Af\ > rf\G(v^\ and |G(^),| > 
(d- e)\G s \ for 1 < % < t, j = 2,3, so 

Ti 23 (A) > rf\G x \ ■ (d - 77) • rj'{d - e)\G 2 \ ■ V '(d - e)\G 3 \ > t?| | |G 2 ] | 1 > r?T 123 (G). 

Since Gi 23 is //-regular we have ^~^4jp = d± 23 (G) ± n. Therefore 

t 

\G n T 123 (A)| > (d 123 (G) - n)\T 123 (A)\ = (d 123 (G) - 77) £ 

i=l 

But we also have 

t t t 

\G n T 123 (A)| = \A(vi) 23 \ < £(1 - 7/72)^3(0)1^31 < (d 123 (G) - r,) \A V 23 \, 

i=l i=l i=l 

contradiction. This proves the required claim. □ 

Lemma 4.7. (Pair neighbourhoods) Suppose < e <C e' <C d and G is an e-regular 3-partite 
3-complex on V = V\ U V 2 U V3 with all densities ds(G) > d. Then for all but at most e'|Gi 2 | pairs 
uv G G12 we have \G{uv) 3 \ = (1 ± e')d X23 {G)d 13 {G)d 23 {G)\G 3 \. 



Proof. Introduce another parameter rj with e ^ 77 ^ e'. By Lemma 4.6, for all but at most 6e|Gi| 
vertices v G Gi we have |G(?j)i| = (1 ± e)du{G)\Gi\ for i = 2,3 and G(t>)23 is an 77-regular graph of 
relative density d 2 3(G(v)) = (1 ± 7/)di2 3 (G)(i23(G). Let G' x be the set of such vertices v G G\. Then 



for any v G G[, applying Lemma 2.2 to G(tj)23, we see that for all but at most 2n\G(v) 2 \ < 2r]\G 2 \ 



vertices in u G G(t>)2, the degree of u in G(?j)2 3 satisfies 

\G(uv) 3 \ = (d 23 (G(v)) ± v)\G(v) 3 \ = ((1 ± 77)c/ 12 3(G)d 23 (G) ± r/)(d 13 (G) ± e)|G 3 | 
= (l±e , )d 123 (G)d 13 (G)d 23 (G)|G 3 |. 
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Since | G12 1 = ^12 (C) I Ci 1 1 C2 1 > cZ| Ci 1 1 C2 1 , this estimate holds for all pairs uv G Gi 2 except for at 
most 6e|Gi| • \G 2 \ + |Gi| • 27]\G 2 \ < e'\G 12 \. □ 

Next we give an analogue of Lemma |2.3[ showing that regularity is preserved by restriction. 



Lemma 4.8. (Regular restriction) Suppose < e <C d, G is a 3-partite 3-complex onV = V1UV2U 
V3 with all densities d$(G) > d, Gi 23 is e-regular, and J C G is a 2-complex with |J* 23 | > a/^I ^123 1 - 
Then G[J]i 23 is ^/e-regular and cii 23 (G[J]) = (1 ± \/e)di23(G). 

Proof. Since G i23 is e-regular, |G[J]i23| = \G n J* 23 | = (di23(G) ± e)| J* 23 | and di 23 (G[J]) = 
|G[J]i23|/|G , [J]^ 23 | = |G[J]i 23 |/| «/i 23 | = d\23(G) ± e. Now consider any subcomplex A of J with 
|^4* 2 3 1 > \/e| «/*23 1 - Then |^4^ 23 | > e|G* 23 |, so since G i23 is e-regular, \G[J] n A\ 23 \ = \G n A* 23 \ = 
(d 123 (G) ± e)|A* 123 | = (d 123 (J[G}) ± x/e)|^ 23 |, i.e. G[J] 123 is ^-regular. □ 



It is worth noting the special case of Lemma 4.8 when J is a 1-complex. Then G[J] is obtained 



from G by discarding some vertices, i.e. a restriction according to the traditional definition. In 
particular, we see that regularity implies vertex regularity (the weak property mentioned at the 
beginning of Section [3]). We also record the following consequence of Lemma 4.8 



Corollary 4.9. Suppose < e <C d, G is a 3-partite 3-complex on V = V\ U V 2 U V3 with all densities 
ds(G) > d and G123 is e-regular. Suppose also < n d, J C G is a 2-complex with all densities 
ds(J) > d and J12, J13, J23 are rj-regular. 

Then G[J]i23 is ^/e-regular and di23(G[J]) = (1 ± \fe)d\23{G) . 
Proof. We have |Jf 23 | = |T 123 (J)| = (1 ± 8r/)di 2 (J)di 3 (J)d23(J)| Jill J 2 || M > ^V^m > 



Ve|G^ 23 1 by the triangle counting lemma The result now follows from Lemma 4.8 □ 
Next we note a simple relationship between relative and absolute densities. 

Lemma 4.10. Suppose < e <^ d, G is a 3-partite 3-complex on V = V\ U V2 U V3 with all densities 
ds(G) > d and G is e-regular. Then d(Gu3) = (1 ± 8e) II5C123 d>s(G). 

Proof. d(G 123 ) = 1 J^L, = |Jgff?yr • mmk = dl23 ^ • 0- ± 8e ) n S ci 23 MG) by □ 

The following more technical lemma will be useful in the proof of Lemma |4.15| Later we will 
give a more general proof that is slicker, but conceptually more difficult, as it uses the 'plus complex' 



of Definition 6.8 For the convenience of the reader, in the 3-graph case we will use a proof that is 



somewhat pedestrian, but perhaps easier to follow. 

Lemma 4.11. Suppose < e <C e' <C d, G is a 4-partite 3-complex on V = V1UV2UV3UV4 with 
all densities d$(G) > d and G is e-regular. 

(i) For any P £ Gi 23 and subcomplex I of 123 < ; let Gpj be the set of vertices v £ G4 such 
that Ps U v G Gsu4 f or all S G /. Let Bj be the set of P G G123 such that we do not have 
\G PjI \ = (l±e / )|T4in0^5 G /^u4(G). Then \Bj\ < e'|G 123 |. 

(ii) For any P' G Gi 2 and subcomplex I' of 12 < let G' p , j, be the set of vertices v G G4 such that 
P' S i U v G Gs'ui for all S' G V . Let Bp be the set of P' G Gi 2 such that we do not have 
\G' P , Jf \ = (1 ± e')|^| U^s'el' d su4(G). Then \B' r \ < e'\G 12 \. 
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Proof. Introduce auxiliary constants with a hierarchy e <C ei <C e 2 "C £3 <C e'. We consider selecting 
the vertices Pi, P2, P3 of P in turn, at each step identifying some exceptional sets P for which the 
stated estimate on Gpj might fail. First we choose Pi so that |G(Pi)j| = (1 ± e)du(G)\Gi\ and 
G{P\)ij is an ei-regular graph of relative density dij{G{P\)) = (1 ± e\)d\ij{G)dij{G) for distinct 



i,j in {2,3,4}. Applying Lemma 4.6 with 77 = e and 7/ = ei/4, we see that this holds for all but 
at most ei|Gi| vertices Pi G G±. Then the number of exceptional sets P at this stage is at most 
ei|Gi|N|F 3 | =eidi(G)d(Gi 23 )- 1 |Gi 23 | < ^i\G 123 \. 

Now let J 1 C G 234 < be the 2-complex defined as follows. We define the singleton parts by J\ 
equals G(Pi) 4 if 1 G I or G 4 if 1 ^ I, J\ equals G(Pi) 2 if 12 G I or G 2 if 12 ^ I, and Jj equals 
G(Pi) 3 if 13 € J or G 3 if 13 ^ /. We define the graphs by restriction to the singleton parts of the 
following: G(Pi) 24 if 12 G / or G 24 if 12 g /, G(Pi) 34 if 13 G / or G 34 if 13 £ /, G(Pi) 23 if 123 G / 



or G 23 if 123 ^ /. Then J 1 is y^-regular by Lemma 2.3 The graph densities dij{J l ) are either 
(1 ± €\)diij{G)dij{G) or (1 ± ei)dij(G), according as we restrict G(P\)ij or Gij. 



Let G 1 = G 2 34<[J 1 ]- Then G 234 is ei-regular with d^^G 1 ) = (1 ± ei)d 234 (G) by Corollary 
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Next we choose P 2 so that |G 1 (P 2 )i| = (1 ± e 2 )d 2 i(G 1 )\Gj\ for i = 3,4 and G 1 (P 2 ) 34 is an e 2 -regular 



graph of relative density ^ 34 (G 1 (P 2 )) = (1 ± e 2 )d 234 (G 1 )(i 34 (G 1 ). By Lemma 4.6 this holds for all 
but at most e 2 |G 2 | vertices P 2 G G3>, so similarly to above, the number of exceptional sets P at this 
stage is at most y / e 2 |Gi 23 |. Let J 2 C G^ 4 < be the 2-complex in which J| is G X (P 2 ) 4 if 2 G I or G\ if 



2^7, J| is G 1 (P 2 ) 3 if 23 G 7 or G^ if 23 g 7, and J| 4 is G 1 (P 2 ) 34 if 23 G I or G^ if 23 7. Then 



J| 4 is y^-regular by Lemma 2.3, with <i 34 (7 2 ) either (1 ± e 2 )d 234 (G 1 )(i 34 (G 1 ) or (1 ± e 2 )<i 34 (G 1 ), 
according as we restrict G X (P 2 ) 34 or G34. 

Now we choose P 3 so that | J 2 (P 3 ) 4 | = (1 ± e 3 )d 34 ( J 2 )| J||. By Lemma 2.2 this holds for all but at 



most e 3 | J|| vertices P 3 G Jf, giving at most y / e 3 |Gi 23 | exceptional sets P here. In total, the number 
of exceptional sets at any stage is fewer than e'|Gi 23 |. By construction, Gpj equals J 2 (P 3 ) 4 if 3 G 7 or 
jf if 3 7. If P is not exceptional then we can estimate (G^/l by tracing back through the stages. At 
stage 3 we multiply |Jf | by (1 ±e 3 )d 34 ( 7 2 ) if 3 G 7, where d 34 (J 2 ) is (l±e 2 )rf 234 (G 1 )d 34 (G 1 ) if 23 G 7 
or (1 ± e 2 )d 34 (G 1 ) if 23 g 7, where cfe^G 1 ) = (1 ± ei)d 234 (G) and ^(G 1 ) is (1 ± ei)di 34 (G)7 34 (G) 
if 13 G 7 or (1 ± ei)<i 34 (G) if 13 ^ 7. Thus we obtain a factor of c?5 4 (G) whenever 3 € S € J. 
At stage 2, we obtain \ J 2 \ from |G|| by multiplying by (1 ± e 2 )d 24 (G 1 ) if 2 G I, where d 2 i{G 1 ) is 
(l±ei)di 24 (G)d 24 (G) if 12 G 7 or (l±ei)d 24 (G) if 12 ^ 7. Thus we obtain a factor of dsi{G) whenever 
2 G S G 7, 3 ^ S. Finally, at stage 1, we obtain \G\\ from |G 4 | by multiplying by (1 ± ei)di 4 (G ) if 
1 G 7. Combining all factors we obtain \Gpj\ = (1 ± e')|F 4 | J^^se/ ds4(G). 

This proves (i). The proof of (ii) is similar and much simpler (alternatively it could be deduced 
from (i)). We consider selecting the vertices P[ and P 2 of P' in turn. We choose P[ so that 
|G(P[) 4 | = (l±e)di 4 (G)|G 4 |. We let G 4 be G 4 if 1 g 7 or G(P[) 4 if 1 G 7, and G' 24 be the restriction 
of G 24 to G 2 and G' 4 . Then G' 24 is ei-regular with 7 24 (G') = (1 ± e)ci 24 (G). We choose P 2 so that 
|G 24 (P 2 )| = (1 ± ei)d 24 (G')|G 4 |. Then G' plJI is G' 24 (P^) if 2 G 7 or G' 4 if 2 £ 7. Now \G' plJI \ is 
obtained from |G 4 | by multiplying by (1 ± e)di 4 (G) if 1 G 7 and (1 ± ei)(l ± e)d 24 (G) if 2 G I, so 
\G' P , j,\ = (1 ± e' ) I V4 1 dswi(G). It is clear that there are at most e'|Gi 2 | exceptional sets P' . 
□ 



Finally we give another formulation of the neighbourhood Lemmas 4.6 and 4.7, showing that 
most vertices and pairs are close to 'average'. 
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Lemma 4.12. (Averaging) Suppose < e <C e' <C d, G is a 3-partite 3-complex onV = ViUV 2 UV 3 
with all densities ds(G) > d and G is e-regular. Then 

(i) for all but at most e'\G\\ vertices v G G\ we have \G[y) 23 \ = (1 ± e')|Gi 23 |/|Gi|, 

(ii) for all but at most e'|Gi 2 | pairs uv G G12 we have \G(uv) 3 \ = (1 ± e') | 1 / 1 C12 1 - 



Proof. By Lemma |4.6| with r\ = e and 7/ = e'/4, for all but at most e'|Gi| vertices v G G\, \G(v)i\ = 
(1 ± e)d u (G)\Gi\ = (1 ± e)d li (G)d i {G)\V l \ for i = 2,3 and d 23 (G(v)) = (1 ± e'/4)di 23 (G)d 23 (G). 
For such u we have |G(u) 23 | = d 23 (G{v))\G(v) 2 \\G(v) 3 \ = (1 ± e / /3)|V r 2 ||p3| Usci23,s^i d s{G). Also, 
|G 123 | = (l±8e)|Vj||V2||y3| Usci23 d s(G) by Lemma[4lo| so |G(?;) 2 ; 
For (ii), Lemma 4.10 gives IG123I/IG12I = (l±8e)|T^| n3esci 2 3 d s{G). Then by Lemma ■ 
e' with e'/2, for all but at most e'|Gi 2 | pairs uv G G 12 , \G{uv) 3 \ = {l±e' /2)di 23 (G)d 13 (G)d 23 (G)\G 3 \ 
(1 ± e'/2)\V 3 \ n 3e sci23 d s(G) = (1 ± 6')|G 123 |/|G 12 |. □ 



(lieOIGml/lGil, giving (i) 
replacing 
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4.4 Good vertices 



We start the analysis of the algorithm by showing that most free vertices are good. Our first lemma 
handles the definitions for regularity and density in the algorithm. 

Lemma 4.13. The exceptional set E x (t — 1) defined by (= nm) satisfies \E x (t — 1)| < e*\F x (t — 
and Fs(t) is e^^ i-regular with ds(F(t)) > d u for every S G H. 

Proof. We argue by induction on t. At time t = the first statement is vacuous. The sec- 
ond statement at time follows from the fact that i*s(0) = G5 and our assumption that (G, M) 



is (e, e', d 2 , 9, ^-super-regular: condition (i) in Definition 3.16 tells us that Gs is e-regular, with 



ds{G) > d\s\ if \S\ = 2, 3. Also ds{G) = 1 if \S\ = 0, 1, as we assumed that Gj = Vi in the hypotheses 



of Theorem LI Now suppose t > 1 and 7^ 5 G H is unembedded, so x £ S. We consider various 
cases for S to establish the bound on the exceptional set and the regularity property, postponing the 
density bound until later in the proof. 



We start with the case when S G H(x). Suppose first that S = vw with xvw G H. By 
induction Fg'(t — 1) is e^^.xy-regular and ds'(F(t — 1)) > d u for every S' C xvw. Write v = 
m&x{u' xv (t — l),v' xw (t — 1)} and u* = max.{u' vw (t — l),v' xvw (t — 1)}. We claim that v' vw {t) > u* . 



This holds by Lemma 4.3: (iv) gives v vw {t) > v vw (t — 1), (v) gives v' vw (t) > v' vw (t — 1), and (vi) 



gives v' vw {t) > v' xvw {t — 1). Now applying Lemma 4.6, for all but at most (4e^i + 2e u * y2 )\F x {t — 1 



vertices y G F x {t-l) we have \F v (t)\ = \F xv {t - l){y)\ = (1 ±e u> i)d xv (F(t- l))\F v (t- 1)|, \F w (t)\ = 
\F xw (t - l)(y)\ = (1 ± e Ut i)d xw (F(t - l))\F w (t - 1)|, and F vw (t) = F xvw (t - l)(y) is an e y% 2-regular 
graph with d vw (F(t)) = (1 ± e u *^ 2 )d xvw (F(t - l))d vw (F(t - 1)). Since i^ w (t) > ^* we have (=jp) 



when S = vw for such y. Note that it is important for this argument that Lemma 4.6 makes no 
assumption of any relationship between u and v* . For future reference we also note that the density 
bounds at time t — 1 imply that d vw (F(t)) > d^/2; we will show a lower bound of d u later, but this 
interim bound will be useful before then. 

The argument when S = {v} G H{x) has size 1 is similar and more straightforward. By Lemma 
2.2, for all but at most 2e u i (t-i) t i\F x (t— 1)| vertices y G F x (t—1) we have |i^(t)| = \F xv (t — l)(y)\ = 
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(1 ± e v i (t-i) 1 i)d xv (F(t — l))\F v (t — 1)|. Also, we have v' v (t) > v' xv {t — 1) by Lemma 4.3 Vi), so (=t|4j]) 
holds when S = {v} for such y. We also note for future reference that d v (F(t)) > d 2 u j2. In the 
argument so far we have excluded at most £>£\2D ,2\F x {t — 1)| vertices y G F x (t— 1) for each of at most 
3-D sets S £ H(x) with |5| = 1 or l^l = 2; this gives the required bound on E x (t — 1). We also have 
the required regularity property of Fs(t), but for now we postpone showing the density bounds. 

Next we consider the case when S £ H and S ^ H(x). If S = {v} has size 1 then |-F„(t)| = 
\F v (t -l)\y\> \F v (t - 1)| - 1, so d v (F(t)) > d v (F(t - 1)) - 1/n > d u /2, say. Next suppose that 
S = vw has size 2. Recall that Lemma 3.11 gives Fs(t) = F s <(t — l)[F s <(t)]s- Then F vw (t) is the 
bipartite subgraph of F vw (t — 1) induced by F v (t) and F w (t). We have F v (t) = F xv (t—l)(y) if xv £ H 
or F v {t - 1) \ y if xv g H. Similarly, F w {t) = F xw (t - l)(y) if xw £ H or F w (t - 1) \ y if xw <£ H. 
Since we choose y £ E x (t - 1), if xv £ H then \F v (t)\ = (1 db e v ,j t )^)d v {F(t - l))d xv (F(t - 1)) > 
- 1)|, and if ^ if then \F v (t)\ = \F v (t - 1) \ y\ > \F v (t)\ - 1. Similarly, if xw £ H then 



|i^(t)| > jduli^Ct- 
regular, so by Lemma 



1)|, and if xw H then \F w (t)\ > \F w (t)\ 
(t) is e 



1. Now F vw (t — 1) is e 



v' vw {t-i),r 



2.3 



i),2 _re S u l ar an d d vw (F(t)) — (lif^ft-i)^ 

)d^(F(t-l)). 



This gives the required regularity property for F vw (t) in the case that vw intersects VNh(x), when 
we have v' vw {t) > v' vw (t — 1) by Lemma |4~3| (v) . In fact, we are only required to show that F vw (t) is 
e^^^-regular, but this stronger regularity property will be useful for the case when vw and VNh(x) 
are disjoint. Now consider the case that vw and VNh{x) are disjoint. Let t' be the most recent 
time at which we embedded a vertex x' with a neighbour in vw. Then by Lemma 



3.12 



F vw <(t) is 

obtained from F vw < (t 1 ) just by deleting all sets containing any vertices that are embedded between 
time t' + 1 and t. Thus F vw (t) is the bipartite subgraph of F vw (t') spanned by F v (t) and F w (t). 
Now F vw (t') is e l/ / ju) ( t /_ 1 ) 2 - r egular, by the stronger regularity property just mentioned above. Since 
v' vw (t) > v' vw (t') > v' vw {t' — I), Lemma 2.3 gives the required regularity property for F vw (t). For future 
reference, we note that in either case the bound d vw (F(t — 1)) > d u implies that d vw (F(t)) > d u /2. 

Continuing with the case when S G H and 5 ^ H(x), we now suppose that |5| =3. Again we use 
F s (t) = F s < (t - l)[F s < (t)] s . If S' C S, whether S' £ H(x) or S' £ H(x), we have shown above that 
ds>(F(t)) > d^/2, and if \S'\ = 2 that Fs'(t) is e^^y-regular. Since Fg(t — 1) is e^( t _!) ^-regular, 

2-regular and ds(F(t)) 



Corollary 



4.9 



implies that F$(t) is ^ v ' s {t-l)y 



(1 ± e K (t-l),2) 



>)d s (F(t - 1)). 

This gives the required regularity property for Fs(t) in the case that S intersects VNh(x), when 
we have v' s {t) > is' s (t — 1). As above, although we are only required to show that Fs(t) is e^(j) 5 i- 
regular, this stronger regularity property will be useful for the case when S and VNh{x) are disjoint. 
Suppose S and VNh(x) are disjoint. Let t' be the most recent time at which we embedded a 
vertex x' with a neighbour in S. Then by Lemma 3.12, F s <(t) is obtained from F s <(t') just by 



deleting all sets containing any vertices that are embedded between time t' + 1 and t. Equivalently, 
F S (t) = F s (t')[((F v (t) : v £ 5),{0})]. Now F s (t') is e^^.^^-regular, by the stronger regularity 
property just mentioned above. Since Ug(t) > v's(t') > v' s (t' — 1), Corollary 4.9 gives the required 
regularity property for Fs(t). 

Now we have established the bound on E x (t — 1) and the regularity properties, so it remains to 
show the density bounds. First we consider any unembedded S £ H with \S\ =3. We claim that 

F s (t) = G s <[F s <(t)] s . (4) 

To see this we use induction. In the base case t = we have Fs(0) = Gs and G s <[Fs<(0)] = 
G S <[G S <] = G s <, so G s <[F s <{0)} = G s . For t > 0, Lemma pM] gives F 3 (t) = F s < (t - 1)[F S < (t)] s , 
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i.e. Fs(t) consists of all triples in F$(t — 1) that form triangles in Fg<(t). The induction hypothesis 
gives F s (t - 1) = G s <[F s <(t - l)) s , and so we can write F s (t) = G s <[F s <(t - l)][F s <(t)] s . Now 
Fg<(t) C F s <(t-1), so LenunaQvi) gives G s < [F s < (t - 1)] [F s < (t)] = G s < [F s < (t - 1)[F S < (t)]] = 
G 5 < [F§< (t)]. This proves Q. Also, we showed above that for every S' C 5, we have ds>(F(t)) > 
and if |5"| = 2 then Fg'(t) is (^-regular. Since is e-regular, Corollary 4.9 shows 



bound 



that Fs(t) is y^-regular and ds(F(t)) = (1 ± y/e)ds(G) > ds/2. This gives the required 
ds(F(t)) > d u , although we will also use the stronger bound of d^/2 below. 

Next consider any unembedded pair vw E H. Let t' < t be the most recent time at which we 
embedded a vertex x' with x'vw G -ff, or let i' = if there is no such vertex x 1 . Note that we 
have t' = t if xuw G H. For t* < t, let J(i*) be the 1-complex (F v (t*), F w (t*), {0}). We claim that 
F vw (t*) = F vw <(t')[J(t*)] vw for t' <t* < t. This follows by induction, similarly to the argument when 
|5| = 3. When t = t' the claim follows from F vw <(t')[J(t')\ = F vw <(t'). For t* > t', we have vw $ 



H(x), so Lemma|3Tl1gives F vw (t*) = F vw <(t* -l)[J{t*)] vw . Since F vw (t*-1) = F vw <(t')[J(t* -1)} VW 
by induction, Lemma ggvi) gives F vw (t*) = F vw <(t')[J(t* - l)][J(t*)] vw = F vw <(t')[J(t*)] vw , as 
claimed. Now we claim that d vw (F(t)) > {d^/ 'A) H d2/2, where we temporarily use it to denote the 
number of embedded vertices x' at time t with x'vw £ H. To see this, we argue by induction, 
noting that initially d vw (F(0)) = d vw (G) > di. Also, if it = then F vw (t) = G vw <[J(t)] vw , so 



d V w(F(t)) > c?2/2 by Lemma 2.3. Now suppose that it > 0, so that t' and x' are defined above. By 
induction we have d vw (F(t' - 1)) > (d 3 /4) it - 1 d 2 /2. Also d x > vw {F(t' - 1)) > d 3 /2 by the lower bound 
just proved for relative densities of triples, so gives d vw (F(t')) = (1 ± e v i ( t i\ : o)d vw (F(t' — 

gives 
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- 1)) > (c?3/4) 1 * ^2/2 • d 3 /2. Since F TO (t) = F vw <(t')[J(t)] vw , Lemma 
d vw (F(t)) > d vw (F(t'))/2 > (dz/4) k d 2 /2, as claimed. Since i t < D we have d vw {F{t)) > 2ef D d 2 , 
say. In particular we have the required bound of d vw (F(t)) > d u . 

Finally we consider any unembedded vertex z. Let t z < t be the most recent time at which 
we embedded a neighbour w = s(t z ) of z, or t z = if there is no such time. If t z > then by 
(>H4~Tl) and the above bound for pair densities we have d z (F(t z )) > d wz (F(t z — l))d z (F(t z — l))/2 > 
d"^ D d2d z (F(t z — 1)). Now we consider cases according to whether z is in the list L(t — 1), the queue 
q(t — 1) or the queue jumpers j(t — 1). Suppose first that z £ L(t — 1). Then the rule for updating 
the queue in the algorithm gives > 5'q\F z (t z )\. Next suppose that z G j(t — 1) U q(t — 1), and 

z first joined j(t') U q(t') at some time t' < t. Since z did not join the queue at time t' — 1 we have 
\F z (t' — 1)| > 6'Q\F z (t z )\. Also, between times t' and t we only embed vertices that are in the queue 
or jumping the queue, or otherwise we would have embedded z before x. Now \Q(t) nX 2 | < 5gCn, 



otherwise we abort the algorithm, and \ J(t) n X z \ < y^SQn by Lemma 4.3 ii), so we embed at most 
^\f^Q n vertices in V z between times t' and t. Thus we have catalogued all possible ways in which 
the number of vertices free for z can decrease. It may decrease by a factor of d^ d 2 when a new 
z-regime starts, and by a factor S'q during a z-regime before z joins the queue. Also, if z joins the 
queue or jumps the queue it may decrease by at most 2^f^Qn in absolute size. Since z has at most 
2D neighbours, and \F Z (0)\ = \V Z \ > n, we have \F z (t)\ > {5' Q dl D d 2 ) 2D 5' Q \V Z \ - 2^[b^n > d u \V z \. □ 

In the preceding proof we needed to track the e-subscripts in great detail to be sure that they 
always fall in the range allowed by our hierarchy. From now on it will often suffice and be more 
convenient to use a crude upper bound of e* for any epsilon parameter. We summarise some useful 
estimates in the following lemma. 
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Lemma 4.14. 



ft) 1/0 ^ S € H{x) then d s {F{t)) = (1 ± e*)d s (F(t - l))d Sx (F(t - 1)) 
and \F s (t)\ = (1 ± e*)|F 5a; (t - l)|/|F a (t - 1)|. 

IfS$H(x) thend s {F(t)) = (l±e*)d s {F(t-l)). 

(Hi) IfSeH then d(F s (t)) = (1 ± e*) fires d T (F(t)). 

(iv) IfS'CS£H then 

\F s (t)\ _ d(F s (t)) n 

ftj If S' C S e H then \F s (t)(P)\ = (1 ± e*)|F s (t)|/|F S /(t)| /or aM owi of mosi e*|F S /(i)| se£s 

PeF s ,(t). 

(vi) Statements (iii-v) hold replacing F s <(t) by F s <(t)[T] for any e^D^-regular subcomplex T of 
Fg<(t), such that dr(r) > el when defined. 

Proof. The first formula in (i) is a weaker form of (Wrj). For the second formula, suppose first 
that S = v has size 1. Then \F v {t)\ = d v {F{t))\V v \ = (1 db e*)d xv {F{t - l))d v {F{t - l))\V v \ = 
(1 ± e*)d xv (F(t - l))\F v (t - 1)| = (1 ± e*)\F xv (t - l)\/\F x {t - 1)|. In the case when S = uv has 
size 2 we have ds'(F(t)) = (1 ± e\2D,i)ds'{F{t — l))ds' x (F(t — 1)) for S' equal to u, v or uv. Since 



£i2_D,i *C e*, the formula follows from the same calculations as in Lemma 4.12 i). This proves (i). 



For (ii), note that if \S\ = 1 then F s (t) = F s (t) \ y has size \F s (t - 1)| or \F s (t - 1)| - 1. Also, if 



\S\ = 2, 3 we have F$(t) = F s <(t — l)[Fg<(t)]s by Lemma 3.11 Statement (ii) then follows from 



Lemma |2.3| if |5| = 2 or Lemma |4.8| if |5| = 3. For (hi) we apply Lemma 4.10| when \S\ = 3 or the 



identity d(Fs(t)) = YItcs ^T(F(t)) when |5| < 2. Statement (iv) follows by definition of absolute 



density and (hi). For (v) we apply Lemma 4.12 For (vi) we apply regular restriction to see that 



F s < (t) [T] is ei2D,3-regular and then the same proofs. □ 
Our next lemma concerns the definitions for marked edges in the algorithm. 

Lemma 4.15. 

(i) For every triple E G H we have \M E t^ E (t)\ < 9 ' , (t \\F E t(t)\, and in fact 
\M E t iE {t)\ < 9 V , t{t) \F E t{t)\ for E G U(x). 

(ii) For every x and triple E G U{x) we have \D x>E (t — 1)| < 6 V > ^\F x (t — 1)|. 

Proof. Throughout we use the notation E = E^ 1 , v = v'^kf — 1), v* = v' Et {t). 

(i) To verify the bound for t = we use our assumption that (G,M) is (e, e', efo, 9, d3)-super- 



regular. We take I = ({0}), when for any v we have G Iv = G by Definition 3.15 Then condition 
(iii) in Definition |3.16| gives \M E \ < 9\G E \. Since E° = E, M E , E (0) = M E and F E (0) = G E we 



have the required bound. Now suppose t > 0. When E G U(x) we have \M E t E (t)\ < 9 u *\F E t(t)\ 
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by definition, since the algorithm chooses y = <f>{x) D XjE (t — 1)- Now suppose E ^ U(x), and let 
t' < t be the most recent time at which we embedded a vertex x' with E E U(x'). Then E l = E 1 , 
v' E t{t') = u*, and \M E t^ E {t')\ < u i t (t')\F E t(t')\ by the previous case. For any z 6 E l , we can bound 
|i*z(t)| using the same argument as that used at the end of the proof of Lemma 4.13 We do not 
embed any neighbour of z between time t' + 1 and t, so the size of the free set for z can only 
decrease by a factor of 5'q and an absolute term of I^ J^qt l. Since d z (F(t')) > d u 3> 5q we have 
\Fz(t)\ > S' Q \F z (t')\-2y/6^n > \5' Q \F z {t')\. By Lemma iuil for every ^ S C E\ F s (t) is obtained 
from Fs(t') by restricting to the 1-complex ((F z (t) : z E S), {0}). If \S\ = 2, 3 then regular restriction 
(Lemmas 



2.3 



by Lemma 



and 



4.14 



4.8) gives d s (F(t)) = (l±e*)d s (F(t')). Now d{F E t (t)) = {l±e*)Y[ s<ZEt d S {F{t)), 



'hi), and similarly d(F E t(t')) = (1 ± e*)risc.E< ds(F(t')). This gives 
FE * m -(l±3c) TT ds{F{t)) -fl±10 C m dz{m) > (5' /2VV2 



Therefore |M s t )E (t)| < \M E i, E {t')\ < e v *\F Et (t')\ < 2{5' Q /2)^9 v *\F & {t)\ < e^\F Et (t)\. 
(ii) First we consider the case x £ E. Then E 



E\x and u < v* by Lemma 4.3 Vi). Also 



F E t(t) = F E (t - l)(y) and M E t E (i) = M EE (t - l)(y) (see Lemma |3.14|), so 



1) 



{y € F x (t - 1) : |M^(t - l)(y)\ > 6 u »\F E {t - l)(y)|}. 

so 1-0^(4-1)1 < 0^(4-1)1 < 



4.2 



If S = {x} has size 1 then D XjE (t — 1) = M X)E {t — 1) by Lemma 

MF a (* " 1)1 by (i). If \E\ > 2 then \F E t(t)\ = \F E (t - l)(y)\ = (1 ± e.)|%(t - 1)|/|F,.(4 - 1)| by 
Lemma 4.14 when y ^ E x (t — 1). Now 



yeD x>E (t-i) 



M E Jt-l)(y)\ > 



E l%(*-i)(y)l 

yei? ! r 1 B(t-i)\^i ! (t-i) 
1-6,1^(4-1)1)^^-1)1/1^(4-1) 



> (l-e»)^(|D»,B(t-l) 
We also have an upper bound 

E " ^(f)! ^ E l M ^(* - i)(f)l = \ m e^ - i)l < - 1) 

where the last inequality holds by (i). Therefore 

\D x , E (t-l) 



< 



\F x (t-l)\ (1-e 



+ e* < 



Now we consider the case when x ^ E. Then E t = E 



t-i 



E. Note that when E £ U{x) we 



F Ex (t-l)(y) and 



have E n VN H {x) / 0, so u* > v. Suppose hrst that E £ H(x). Then F E (t) 
M EE (t) = M E ^ E (t - 1) n F E (t) (see Lemma 13. 141), so 

D x>E (t ~ 1) = {V € F x (4 - 1) : |M^(4 - 1) n F^(4 - l)(y)| > " l)(l/)l>- 

Similarly to the previous case, by Lemma |4.14| we have 



£:= E \M E , E (t-l)nF Ex (t-l)(y)\ > 



> 0.-e*)e v *(]D~ E (t-l) 



E \ f e^ 

yeD XiE (t-l)\E x (t-l) 
e*\F x (t-l)\)\F Ex (t-l)\/\F x (t-l)\. 



i)(y)l 
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We also have E < Y^yeF x (t-l) — 1) n F Ex (t ~ 1 ) (?/) I • This sum counts all pairs (y,P) with 

P E M E E (t — 1), y £ F x (t — 1) and Py E F Ex (t — 1), so we can rewrite it as 

P6Mg B (t-l) 



4.14 



By Lemma 

P E F E {t -TpTherefore 



we have iPg^i - 1)(P)| = (1 ± e^ ^fe^j for all but at most e*\F E (t - 1)| sets 



S < |M Es (i - 1)|(1 + e») ^ 1 + e,|%(t - l)||F x (t - 1)|. 
Combining this with the lower bound on S we obtain 

(1 " ^* " u) < (1 + O 1 ^"?' + e. w - ^ - 1)1 



Now \M EE (t - 1)| < ^|F^(t - 1)| by (i), and &^§g=^ < 2d" 1 « e," 1 by Lemma|Zl4 

|^, g (t-l)| (1 + e^+yg 
|P,(i-l)| (1-e*)^* 

It remains to consider the case when x E" E and E = E l ^ H{x). Since EC\VNh(x) ^ we have 
\E\ > 2. Then F^<(t) = F^< (t - 1) [F E < (t)] by Lemma |3. Ill and M EE (t) = M E E (t - 1) n %(*), so 

„ , 1N f |M E£ (t-l)nP <(t-l)[F E <(t)]| ) 

Let I be the subcomplex of E < consisting of all S C 2£ with 5 E H(x). Then P E P=< (i — 1) [P^< (i)] 
if and only if P E F=<(i - 1) and P s y E i*s x (i - 1) for all S E I. When we choose y <£ E x (t - 1), 
Lemma [4T4l gives d s (F(t)) =_(1 ± e*)d s (F(t - l))d Sx (F(t - 1)) for / S E I by (i), d s (F(t)) = 
(1 ± e*)d s (F(t - 1)) for 5 C E with S I by (ii), and 

^(t-ii^i^ii^nw-i)) n ^,(p(t-i)) 

by (vi), so 

\F-<(t-l)[F ls <(t)}\ = (l±20e*)\F-<(t-l)\ ]] d Sx (F(t-l)). 

As in the previous cases we have 

E := Yl \M E ^ E (t-l)nF-<(t-l)[F^<(t)]\ 
yeD x>B (t-i) 

> e v * W E <{t-i)[F E <(t)]\ 

y£D x>E {t-i)\E x (t-i) 

> (1 - 20e*)e„* (\D X!E (t- 1)| - e*|i^(t - 1)|) |i^<(t- 1)| J} ^(F(i-l)). 
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For any P £ F^(t - 1), let F P j be the set of y G F x (t - 1) such that P s y £ F Sx (t - 1) for all S £ I. 
Let Bj be the set of P £ F^(t — 1) such that we do not have 

\F PJ \ = (l±e*)\F x (t-l)\ [J d&(F(i-l)). 



Then \Bj\ < e*|%(*- 1)| by Lemma |43l} Now £ < E^f^-i) |A%^(t - 1) D i^<(i - l)[F^<(t)]\, 
which counts all pairs (y, P) with P £ Mg E (t — 1) and y £ Fpj, so 

Z<\M^ E (t-l)\(l±e m )\F x (t-l)\ 11 d Sx (F(t-l)) + e.\F g (t-l)\\F x (t-l)\. 



Combining this with the lower bound on £ we obtain 



(1 - 20e,)9 v 



|Ac,g(t-l)| 

\F x (t-l)\ 



\M EE (t-l)\ 



e *) <( i+e * y \f { t-D\ +e * n dsAFit-i))- 1 . 



Now \M E E (t — 1)| < 9' u \Fg(t — 1)| by (i) and all densities are at least d u 3> e*, so again we have 

lA^i-l)! (1 + 6*)^ + ^ 



- 1) 



< 



1 - 20e,)e h 



+ e„ < V u * . 



□ 



The following corollary is now immediate from Lemmas 4.13 and 4.15 Recall that OK x (t— 1) is 
obtained from F x (t — 1) by deleting E x (t — 1) and D Xj p{t — 1) for E £ U{x), and note that since H 
has maximum degree at most D we have |C^(x)| < 2D 2 . 



Corollary 4.16. \OK x (t - 1)| > (1 - 0*)\F x (t - 1)|. 



4.5 The initial phase 

This subsection concerns the initial phase of the algorithm, during which we embed the neighbour- 
hood N of the buffer B. There are several issues that make the analysis of this phase significantly 



more complicated than that of the graph blow-up lemma (which was given in Lemma 2.5). As we 
mentioned earlier, the buffer B is larger than before, so we embed many more vertices during the 
initial phase, and the queue may open. One potential problem is that there may be some vertex v 
and class Vi so that G(v) n V\ is used excessively by the embedding - this is a concern, since d u <C 8b- 
The first lemma in this subsection shows that with high probability this does not happen. 

Our goal is to show that for any vertex x £ B there will be many available vertices v £ V x 
such that we embed H(x) in (G \ M){v) during the initial phase. Then if v is not used before the 
conclusion of the algorithm we will be able to embed x as (j){x) = v. We need to ensure that for 
every neighbour z of x and for every triple E of H containing a neighbour of z, the choice of image 
for z is good, in that the subcomplex of the free sets for E— that is consistent with mapping x to 



v is suitably regular and does not have too many marked edges. As in Lemma 2.5, we aim to give 
a lower bound on the probability of this event, conditional on the previous embedding. The third 
lemma in this subsection achieves this. 
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The marked edges also add a complication to the conclusion of the algorithm, in which we need 
to verify Hall's condition for a system of distinct representatives of the available images for the 
unembedded buffer vertices. We need to show that for that any W C V x that is not too small, the 
probability that W does not contain a vertex available for x is quite small. This is achieved by the 
second lemma in this subsection. We present it before the lemma on mapping x to v because its 
proof is similar in spirit and somewhat simpler. 

First we recall the key properties of the selection rule during the initial phase. Although the 
queue may become non-empty, jumping ensures that we embed all vertex neighbourhoods VNu(x), 
x £ B at consecutive times, and before x or any other vertices at distance at most 4 from x. Then 



Lemma 3.12 implies that if we start embedding VNh(x) just after some time To then F z (Tq) = V z (Tq) 
consists of all vertices in V z that have not yet been used by the embedding, for every z at distance 
at most 3 from x. We also recall that \B n V z \ = 5 B \V Z \, \N n V z \ < V7b~\V z \, \Q(T ) n V z \ < 5 Q \V Z \ 



and \ J(Tq) n V z \ < a/^qI^zI by Lemma 4.3 li). Thus for any z at distance at most 3 from x we have 

\F Z (T )\ = \V Z (T )\ > (1 - 2^)1^1. (5) 
We need the following supermartingale formulation of the Azuma-Hoeffding inequality, which can be 



easily derived from the martingale formulation quoted later as Theorem 5.16 



Theorem 4.17. Suppose Zq,--- ,Z n is a supermartingale, i.e. a sequence of random variables sat- 
isfying E(Zj + i|Zo, • • • , Zi) < Z{, and that \Z{ — Zi—i\ < C{, 1 < i < n, for some constants Ci. Then 
for any t > 0, 

F(Z n - Z >t) < 2exp 



t 2 



Let Tj be the time at which we embed the last vertex of N, ending the initial phase. Then 
Tj < Yli=i 2v?b|^i! < °~b ^ by (5). Our first lemma shows that there are many available vertices 
in all neighbourhoods at time Tj. Note that by super-regularity the assumption > d u |Vj| in 

the lemma holds for every j such that G^ v )j is defined. 

Lemma 4.18. With high probability, for every vertex v £ G and 1 < j < r with \G(v)j\ > d u \Vj\ we 
have 



\G{v) j nV j (T I )\>(l-5 1 J 3 )\G(v 



j i ■ 



Proof. Suppose |G(f)j| > du|T^-|. The ratio \G(v)j H Vj(t) \/\G(v)j\ only decreases when we embed 
a vertex in G(v)j. We separate the analysis according to two effects. One effect is that we embed 
a vertex z £ N n Xj to an image 4>{z) £ G(v)j, where G(v)j is not too large a fraction of the free 
images for z. The other effect is that we we embed a vertex z £ N n Xj to an image 4>(z) £ G(v)j, 
and the embedding of some neighbour w of z previously caused the fraction of G(v)j in the free 
images for z to increase significantly. To analyse these effects we write T z for the time at which a 
vertex z is embedded and define the following sets: 

• Let A.j(t) be the set of embedded vertices z £ N n Xj such that <fi{z) £ G(v)j and 

\G(v)j n F Z {T Z - l)\/\F z (T z - 1)| < 2™\G{v)j\/\Vj\. 
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• Let Uij (t) be the set of embedded vertices w G N n Xg such that 

\G(v)j r\F z {T w )\/\F z (T w )\ >2\G{v) 3 r\F z {T w -l)\/\F z (T w -l)\>d 2 u 
for some z G VN H (w) ON OXj. 

We claim that any vertex embedded in G{v)j up to time Tj is either in the queue, or in Aj(Tj), 
or an if- neighbour of some w G ILjj(T/) for some £. To see this, suppose z is embedded in G(v)j 
and is neither in the queue nor in KjiTj). Since z £ N we have z G VNjj(x) for some x G 
B. Suppose we start embedding VNjj(x) just after time To. Then F z (Tq) = Vj(To) has size at 
least (1 - 2^)\V 3 \ by (§, so \G(v)j D F 2 (T )|/|F 2 (T )| < |G(^-|/(1 - 2^)1^- 1. We also have 
IGCvJi n F Z (T Z - l)\/\F z (T z - 1)| > 2 2D |G(«) i |/|^-|, since z g Aj(Tj). Since |W H (z) \ z| < 2£> - 1, 
there must be some 5, 1 < 5 < T z — To so that at time To + 3 we embed some w G 1//V#(z) 
and get \G(v)j n T^T^)!/!^^)! > 2|G , (v) i n F*(T m - 1)\/\F Z (T W - 1)|. Here we recall that we 
embed VNjj(x) consecutively and so w G VNjj(x) C iV. Now for any g' , 1 < g' < T z — Tq, since 
|T Z (T Z - 1)| > 41 V,| > d u |T z (T + </)l we have 

|f z (t + </)I " 4V 2 (r,-i)l " ' 3 

Therefore u; G ILjj(Tj), where i = i(w), which proves the claim. Since any w has at most 2D 
neighbours we deduce that 

r 

\G{v) 3 n ^(Tj)| > \G(v) 5 \ - \Q(Tj) nVj\- \AjiTj)] - 2D £ |n^(T 7 )|. (6) 

£=1 

Consider ^(i) = |A_,-(t)| - 2 2D+1 d j (G(v))\V j \ Vj(t)\. We claim that Z,-(0),--- ,^(T/) is a su- 
permartingale. To see this, suppose we embed some vertex z G Xj at time T z . We can assume 
that z G iV and |G?(v)j D F^(T 2 - l)|/|F z (T a - 1)| < 2 2D dj(G(v)), or otherwise z $ Aj(T z ) by 
definition, so |Aj(T 2 )| = \Aj(T z — 1)| and Zj(T z ) < Zj(T z — 1). Since (j)(z) is chosen randomly in 



OK z (T z - 1) C F a (T a - 1) of size at least \F Z (T Z - l)|/2 (by Corollary 4.16), we have 



EOA^T,)! - |A,(T 2 - 1)|] = P(^) G G(v) 3 ) = - |G ' r) ' f °^ ( '^ 



|0A^(T 2 -1) 



< 2|G( ;^ r f^- 1)l <^ (GW ). 



We also have |Vj- \ Vj(T z )\ = \Vj\ Vj(T z — 1)| + 1, so the decrease in the second term of Zj(t) more 
than compensates for the increase in the first, i.e. K[Zj(T z ) — Zj(T z — 1)] < 0. Thus we have a 
supermartingale. Since \Zj(t) - Zj(t - 1)| < 1, \Vj \ Vj(Ti)\ < 2y/fe\Vj\ by (5), and Tj < S^n, 
Theorem 4.17| gives 



PpA^T/)! > 2 2D+3 d J (G(v))^5 B \V j \] < P[Zj(m) > 2 2D+2 d j (G(v)}y/S B \V j \] 
< 2 exp [ - (2 2D d j (G{v))^/l B \V j \) 2 /2T I ] < e~^\ (say, for sufficiently large n). 



Next consider Y£j(t) = \U£j(t)\ — e*|n^ where Uf^Jt) consists of all vertices in Xt with at 
least one //-neighbour in Xj that have been embedded at time t. We claim that j(0), ■ ■ ■ , Yij(Tj) 
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is a supermartingale. To see this, suppose we embed some vertex w G at time T w . Consider 
z G VNh(w) H N n Xj-. we can assume this set is non-empty, otherwise w £ H£j(T w ) U II^ -(i), 
so Y £d (T w ) = Yi tj (T w - 1). We can also assume that w G N and n F Z (T W )\/\F Z (T W )\ > 

2|G(v)j n F Z (T W - 1)\/\F Z (T W - 1)| > d\ for some G VN H (w) D N D X j: otherwise w n £ii (T w ) by 
definition, so 1 11^(1^)1 = \R e j(T w - 1)| and Yej(T w ) < Y e j(T w - 1). 

;z(T w - l)[G(v)j n F 2 (T„, - 1)] is ei2D,2-regular. Applying 
we see that there are at most 2e\2D,2\F w {T w — 1)| 'exceptional' vertices y G F W (T W — 1) 
such that embedding 4>{w) = y will not satisfy 



By Lemmas 4.13 and Lemma 2.3 
Lemma 



2.2 



\G{v) 3 C\F z {T u 



\F ZW (T W - l)(y) n G(v)j n F Z (T W - 1) 
(1 ± e*)d zw (F(T w - l))\G(v)j n F Z {T U 



On the other hand, the algorithm chooses <f>{w) = y to satisfy (tgj]), so \F Z (T W )\ = (l±e*)d zw (F(T w — 
1))\F Z (T W -1)\. Thus we have \G(v) 3 nF z (T w )\/\F z {T w )\ < 2 1 G[v) z D F g (T w - 1)\/\F Z {T W - 1)|, unless 
we choose an exceptional vertex y. But y is chosen uniformly at random from \OK w (T w — 1)| > 
(1 — 0*)|-F w (T w — 1)| possibilities (by Corollary 4.16), so y is exceptional with probability at most 
3ei2D,2- Therefore E[|n^-(T to )| - |n^-(T w - 1)|] < 3ei 2 D,2- 

We also have |n^.(T to )| = \H' e j(T w — 1)| + 1, so the decrease in the second term of Y^j{t) more 
than compensates for the increase in the first, i.e. 'E\Yi ! j(T w ) — Yij(T w — 1)] < 0. Thus we have a 
supermartingale. We also have \Y id (t) - Y ej (t - 1)| < 1. Also, \Vj \ Vj( T T )\ < 2 
|II^ j(T{)\ < 2Dy/5B\Vj\, since H has maximum degree D. Then Theorem 



\Vj\ by 5 



4.17 



so 



gives 



F[\U ej (Tj)\ > 2dWS B \V j \] < P[Y id {t) > duVWl] 
< 2exp [ - (duy/te\Vi\) 2 /ZTi] < e~^, (say, for sufficiently large n) 



Taking a union bound over v G V and 1 < j,£ < r, with high probability we have |A,-(Tj)| < 
2 2D+3 d j (G(v))^\V j \ = 2 2D+3 ^\G(v) j \ and |n Ai (T 7 )| < 2d u ^\Vj\ < 2^\G(v)j\. Therefore 
^ gives 

r 

\G{v) 3 n Vj(Tj)\ > \G(v)j\ - \Q{Tj) n Vj\ - \Ajim - 2DJ2 \^e,j( T i)\- 



>\G(v) j \-5 Q \V j \-2 



2D+3 



6 B \G{v)j\ - 4Dr v / 6 B \G(v) j \ > (1 - 6^)\G[v)j\, 



□ 



since \G(v)j\ > d u \Vj\ and e* <C 5q -C d u <C 5 B -C 1/r, 1/-D. 

For the remainder of this subsection we fix a vertex x € B and write VA^//(x) = {z±, ■ ■ ■ , 
with vertices listed in the order that they are embedded. Since H has maximum degree D we have 
g < 2D. We let Tj be the time at which Zj is embedded. By the selection rule, VNh(x) jumps the 
queue and is embedded at consecutive times: Tj+i = Tj + 1 for 1 < j < g — 1. For convenience we 
also define Tq = T\ — 1. Note that since H is an r-partite complex, no vertex of VNh(x) lies in X x . 
The selection rule also ensures that at time To no vertices at distance at most 4 from x have been 
embedded, so for any z with distance at most 3 from x we have F z (Tq) = V z (Tq). (The need for this 
property in Lemma 4. 2 1| explains why we needed to choose the buffer vertices at mutual distance at 
least 9.) 
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Remark 4.19. Note that the argument of the Lemma 4.18 can be applied replacing the sets G(v)j 
by any sufficiently large subsets of Gj, provided that they are sufficiently few in number to use a 
union bound. For example, we can define a complex G{S) = f] v ^sG(v) for any S Q V, and show 
that with high probability, for every S C V with \S\ < 2D and 1 < j < r with \G(S)j\ > <i«|V^| we 
have \G(S)j n ^(T/)| > (1 - 5 1 J 3 )\G(S) j \. It follows that with high probability every z G VN H (x) 
would have many available vertices in G(v) z throughout the initial phase, even if we did not use 
queue jumping in the selection rule. However, the analysis is simpler if we do use queue jumping, 



and then we only need the version of Lemma 4.18 stated above 



Recall that the available set A x is obtained from F x (t x ) by removing all sets M x ^E(t x ) f° r triples 
E containing x. Here t x =T g . If x is unembedded at the conclusion of the algorithm at time T we 
will embed x in A' x = A x n V X (T). Our second lemma shows that for that any W C V x that is not 
too small, the probability that W does not contain a vertex available for x is quite small. 

Lemma 4.20. For any W C V x with \W\ > e*\V x \, conditional on any embedding of the vertices 
{s(u) : u < T\} that does not use any vertex ofW, we have F[A X n W = 0] < 0*. 

Proof. We apply similar arguments to those we are using for the entire embedding, defining variants 
of various structures that incorporate restriction to W. Suppose 1 < j < g and that we are consider- 
ing the embedding of Zj. We interpret quantities at time Tj with the embedding <fi(zj) = y, for some 
as yet unspecified y G F Zj {T s -l). Write Wj = WC\F x (Tj). At time T we have If C ^(T ) = V X (T ), 
so W = F X (T ) n W = W . Since Zj G H{x) we have F x (Tj) = F XZj (Tj - l)(y), so 

W^W^nF^iTj-l^y). 

For convenient notation we will use \Wj] to denote restriction of hypergraphs and complexes to 
Wj, in that for x G S G H we write F 5 < (Tj) [W,-] for F s < (Tj)[(Wj, {0})] and FsiT^Wj] for 
F 5 <(T J )[(^,{0})] 5 . 

We define exceptional sets E™ (Tj — 1) C F z .(Tj — 1) by the property that y is in F Zj (Tj — 1) \ 
E^(Tj - 1) if and only if 

\Wj\ = (l±e u , (TjU )\W\\F x (T j )\/\F x (T )\. 

Thus if we embed zj to y ^ E^ (Tj — 1), then the intersection of the free set for x with W 
is roughly what would be 'expected'. Next, to control marked edges, we define dangerous vertices 
similarly to before, except that here we incorporate the restriction to Wj. For any triple E containing 
x we define 



DZe(T 3 - 1) = {y G F Zj (Tj - 1) : \M eTj E (Tj)[W 3 ]\ > V , (Tj) |F^ (Tj)[Wj}\}. 

' E 3 

Now we define events as follows: 

• Aij, j > is the event that property (^ ji^oi) above holds. 

• A2J, j > is the event that for every triple E containing x we have 

\M eTj E (Tj)[Wj]\ < 9 V , p^F^Tj^Wj]]. 

' E J 
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• A3 j > 1 is the event that y 



(zj) is chosen in OKf (Tj — 1), defined to be the subset of 
Fzj(Tj — 1) obtained by deleting the sets E^ (Tj — 1) and E (Tj — 1) for E containing x. 
For convenient notation we also define to be the event that holds with probability 1. 



We divide the remainder of the proof into a series of claims. 
Claim A. The events ^4i,o, ^2,0 and ^3,0 hold. 

Proof. As noted above, we have Wq = W, so A\$ holds. Also, ^0 holds by definition, so it 
remains to show A2 0. Consider any triple E = xzz' containing x. Recall that all vertices at 



distance at most 4 from x are unembedded. Then E T ° = E, and by Lemma 3.12, F e <(Tq) is the 
restriction of G E < to the 1-complex ((F u (Tq) : u € E), {0}), so F E <(ro)[W] is the restriction of G E < 
to (W, F z (Tq) , F z / (Tq) , {0}). Since G is e-regular, F e <(Tq)[W] is e'-regular by regular restriction and 
d s (F E <(T )[W]) = (1 + e')d s (G) for SCfi, \S\ > 2. Then 

\F E (To)[W}\ = (l±20e')\W\\F z (To)\\F z/ (To)\ J] d s (G) 

SCE,\S\>2 



by Lemma 4.10. Now 

\M E , E (T )[W]\ = \M e ,e(To)(v)\ < 2 \M E {v)\ < 6 £ \G E (v)\ 



by condition (ii) of super- regularity (Definition 3.16). This condition also says for any v £ G x that 
G E (v) is e'-regular and d s (G(v)) = (1 ± e')d s (G)d Sx (G) for ^ S C £ \ x, so 



(l±5e')|^||^| J] MG)d Sx (G). 



d z /(G) = 1, as our hypotheses for Theorem 4.1 include the assumption 



Here we note that d z (G) 
d = Vi for 1 < % < r. Equation (§ gives \F Z (T )\ > (1 - 2 V ^)|V z '(7b)| and \F Z ,(T )\ > (1 
2^) \VATq)\, so 



|M g , g (r )[wi| 
l^(r )[w]| 



< 



(1 + 56001^11^ 



;i-20e')|F 2 (To)||F 2 ,(To) 



< (1 + 300(1 -2y/sE)~ 2 e < e . 



Claim B. If A$j holds then A±j and A% j hold. 

Proof. This follows directly from the definitions: if y ^ E^. (Tj 
V t \ E (T 3 - 1) then E {T 3 )\W 3 \\ < 9 U , (T .)|i^ (Tj)\Wj\\. 

J ' El 

Claim C. If holds then \Ef.(Tj - 1) \ i? 2j (Tj - 1)| < eAF z .(Tj - 1)|. 



1) then (=t tQoi) holds, and if 



Proof. By Lemma 4.13| F xz .(Tj — 1) is (Tj-i),i-regular, so by Lemma 2.3 F XZj (T, 
is e,y m_n ^-regular. Then by Lemma |2.2l for all but at most e„/ _ jt.-v^AFza (Tj — 

Tx(T 



(l + e^^.^OI^HF^Tj - 1 



J--U 

1S (T j -i),2- re g mar - Then by Lemma 2.2 for all but at most e v i (Tj-i),2W Zj (Tj — 1)| vertices 
y € F Zj (Tj - 1) we have \Wj\ = n 2^(2) - l)(y)| = (1 ± e^^^d^F^ - l))|T^-_i|. 

Since ^ij-i holds, |Wj-_i| 



Also, by (=tg^]), for y (£ 



E Zj (Tj - 1) we have \F x (Tj) 



;i ± e^-i^oK^P) - 1))\F X (T 3 ~ 1)1- Now ^ e WV^(x), so 
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v x {Tj) = v x {Tj — 1) + 1, and v' x {Tj) > max{u' x (Tj — 1), v' xz {Tj — 1)}. Combining all estimates, for all 
but at most e*|F 2j . (Tj — 1)| vertices y G E Zj (Tj — 1) \ E Zj (Tj — 1) we have 

l^-l = (1 ± e^.^d^FiTj - l))|^_i| 

= (1 ± e^. (T ._ 1)j2 )(l ± e^^-D,!)^^^ - l))!^!!^^- - l)\/\F x (T )\ 
= (l±e K(T ^ 1 )\W\\F x (T J )\/\F x (T )\, i.e. (n^. 

Claim D. If ^4ij-i and A<ij-\ hold then for any F containing x we have 

\D^ E (T 3 - 1)| < B^^F^Tj - 1)|. 

Proof. Denote E = E T i~ l , v = v'^iTj - 1) and v* = u' eT .(Tj). Suppose Aij-i and A 2 j-i hold. 
By we have |Wj_i| > ^c^W^I > | | . Consider any triple E containing x. We bound 

E (Tj — 1) with a similar argument to that used in Lemma 



4.15 



Case D.l. First consider the case Zj G E. Then E T i = E \ zj and v* > v. Since Wj = 
Wi-ini^CTj-lXy), Lemma[3l0| gives F^ (T^Wj] = %(Tj- - l)(y)[Wj] = %(2} - l)\Wj-i](y). 
Similarly M^^F,-)^,] = M EE (Tj - l)(y)[Wj\ = M EE {T 3 - l)[W^{\{y), so 

D^ E (T 3 - 1) = {y G (Tj - 1) : |M^(T, - 1) [W>_ x ] (?/) | > M%(?) - l)[W,-_i](y)|}. 
Let F^. be the set of y G F 2j (Tj — 1) \ E z . (Tj — 1) such that we do not have 

\F E (Tj - l)\Wj-x\{y)\ = (l±e*)\F E {T J - l)[Wj^]\/\F z .(Tj - 1)|. 



y $l E z .(Tj — 1) as this is implicitly assumed to apply Lemma 
Then \B Zj \ < 2e*\F Zj {T j — 1)| by Lemma 



Applying Lemma 4.14 vi) with V = (Wj_i,{0}) gives \B' Z \ < e*\F Zi (Tj - 1)|. (Note that we need 

Let B Z] =B' z .UE Zj (Tj-l). 

Now 



4.13 



J2 IMju^Tj - iWj-tMl > B v * Y, \ F e^ ~ l W 3 -i]{y)\ 



> (1 - e*)B v *{\D™ jE {Ti - 1)| - 2e*|F z .(F j - l)\)\F E (Tj - l)^] 1/^.(7} - 1)|. 
We also have an upper bound 

Y \M E ^ - l)[Wi-_i](y)| < Y \ m e,e( T i ~ ^)Wi-i]{y)\ 

= IM^^- - < ^F^F,- - l)[W>_i]| 

where the last inequality holds by Aij-\. Therefore 

|F^(F,--1)| 



< 



|F..(F,-1)| (l-e*)0„ 



+ 2e* < B v * . 
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Case D.2. Next consider the case Zj E. Then E T i = E T i~ x = E. Also x G Er\VN H (z j ), so v* > 
v. Suppose first that E G H(zj). Then Fg(Tj)\Wj] = F% g .(Tj - l)[Wj-i](y) and E (Tj)\Wj] = 

\i lu . : nj \)- i-^r/iu-;.^ ' 



DZE(T j -l) = <yeF z .(T j -l): 



- 1) n F^jTj - l)[W^](y)\ 



> 



Similarly to the previous case, letting B' z . be the set of y G F 2j . (Tj — 1) \ F^. (Tj — 1) such that we do 
not have 

\ F E Zj ( T i - = (lie*)!^.^ - 1)^!]!/]^.^ - 1)|, 

we have \B' Z .\ < e*\F Zj (Tj — 1)|. With P*. = B' Z .U E Zj (Tj - 1) we have 



E - i)n%(25 - i)[^--i](y)| 



> 0„. E l^m-i)^-!]^)! 



> (1 - e*)e v *(\DW( Tj - 1)| - 2e*|F z .(r j - 1)|) 



\F Zj {T 5 -l)\ 



We also have £ < YlyeF z (r—i) eC^j — 1) ^ ~ -OH^i-iKy)!- This last sum counts all 

pairs (y, P) with P G M~ E (Tj - l)[Wj-i], y G F Zj (Tj - 1) and Py G F E2i [Wj-i](Tj - 1), so we can 
rewrite it as S < £ P6M ^-l)^] 



.!] 1*1?*, (2) " T^n Lemma 



4.14 



gives 



for all but at most £*\ f e( T 3 - l)[W,-_i]| sets P G %(Tj - lJfWj-i]. Therefore 

1^.(2) -l)[W,-_i]| 

s < |M EiS (r, - i)[w^_i]|(i + e.) ^^nyp^]] + e *\ F E^ ~ iWi-iWvW - 1)|. 

Combining this with the lower bound on £ we obtain 

(1 - eOMlA£i5(2j " 1)1/1^(2) - 1)| - 2e*) 

IF^-I)^-!]!!^.^--!)! 

<l +e * j |^--i)[^-i]| + e * I^W-l)[W>-i]l 

Now \Mjjj >E (Tj - l)\Wj-i]\ < O v \F^(Fj - l)\Wj-i}\ by A 2 ,j-i. Also, since x G F, and since 
Fjy(2) - l)[Wj-i] = F z .(Tj - 1), we can apply Lemma Qjh ri) with T = (Wj_i,{0}) to get 



l< E m-l)l (1 + e^+V^ 

< — — r ^e* < t>v* ■ 



l^(^-l)| 



(1 - e*)0„. 
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Case D.3. It remains to consider the case when Zj £ E and E ^ H(zj). Since x G E n VNh(zj) we 
have |P| > 2 (otherwise we are in Case D.2). Now Pg< (Tj) = F^< (Tj — l)[Pg< (Tj)] by Lemma 3.11 
so F~< (Tj)[Wj] = F~< (Tj - l)[F^<(Tj)[Wj}} by LemmaQ Also, M^ E (Tj)[Wj] = M %E (Tj - ljn 
F E (Tj) [Wj] by Lemma [3714] so 



D™ E (T j -l) = tv€F z .(T j -l): 



>e u * 



Let I = {S CE : S £ H( Zj )}. Then P G P— < (2^ — 1) [P^< (Ij) [W,-]] if and only if P G F-<(Tj- 1), for 
x^Selwe have P 5 G PsC 7 )), i.e. Psy G ^(2) - 1), and for x G 5 G I we have P s G Fs(7j)[W^], 
i.e. P s y G F Szj (Tj - l)[Wj]. When we choose y £ E Zj (Tj - 1), Lemma |Q4| gives d s (F(Tj)) = 
(1 ± e*)d s (F(Tj - 1)) for 5 C P with 5 g / and ds(F(Tj)) = (1 ± e*)d s (F(Tj - l))^.^^ - 1)) 
for / 5 G /. Let <£ s denote ^(^(T,)^]) := ^(-^(2))^]) if x G 5 or d s(F(Tj)) Mx$S. If 
y $ E^(Tj - 1) then \Wj\ > \d u \W\ > e 2 jV x \, so regular restri ction gives d' s = (ldb e*)d 5 (F(r j )) for 
S CE, S ^ x and = d(Wj) = Applying Lemma |4.14| we have 



d(P E <(P, - lHF^T^-lb) = (1 ± 6,) J] d's 



SCE 



(l±30e*) 



i^m -1)| 



[] ds(F(Tj — 1)) ^.(P^-l)). 



SCE 



0/Se/ 



Also, \F E (Tj - lWj-dl = (1 ± e*) | F i7T--i)| l%( T i " *)l b ^ Lemma 414 If f ^ E % ( T i ~ *) then 
J^L-(l± e ,) ^ 



1^(^)1 



'1^(^-1)1 



so 



|i^(^-l)[i^(T^]] ¥ | =(l±40e,)|%(T i -l)[W,-_ 1 ]| [] ^.(F(T,-1)). 

0^Se/ 



Similarly to the previous cases, now with B Zj = E^ (Tj — 1) U E Zj (Tj — 1), we have 



E \ m e,e^ ~ l) n i^<(Ti - i)[iV=( T i)raj 



^D^ B (T 3 -l)\B Zj 

> (1 - 40eOM|£>£fiCZi - 1)1 - 2e*|F % .(T j - 1)|) 

x |i^(T 3 --l)[^-_i]| [J ^TO-l)). 
0^Se/ 

For any P G %(2} - 1), let Pjy be the set of y G P 2j (P/ - 1) such that P s y G F Szj (Tj - 1) for all 
S G J. Let P/ be the set of P G Fg(Tj — 1) such that we do not have 

|P P , 7 | = (l±e*)|P^(P,-l)| J] d SZj (F(Tj-l)). 

(D^sei 



Then Lemma 



4.11 



gives \Bj\ < e^F^Tj - 1)|. Also, since F^<(Tj)[Wj] * Wj-! = F T <(Tj)[Wj], 



Lemma |4.5[ iv) gives 

F-<(Tj - l)[F E <(Tj)[Wj\] = F-<(T 3 - l)^-!]^^)^-]]. 
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Now S < E y eF Zj ( Tj -i) WeA T o - 1) n ^<(r, - l)^-!]^^-)^-]]^, which counts all pairs 
(y, P) with P G Mg E (Tj - l)\Wj-i] and y G F Pi/ , so 

S^lM^C^-^^-ilKlie,)^.^--!)! [] ^.(i^-l)) 

+ cl^CT^- - l)[W^_i]||J^(^ - 1)|. 
Combining this with the lower bound on E we obtain 

Now \M E E (Tj — < 6 v \F E (Tj — l)[Wj_i]| by A2J-1, and all densities are at least d u 3> e#, 

so again we have 

1^(^-1)1 (l + c,)^ + Ve 



1^(^-1)1 < (1 - 406,)^ + 2e *<^- 
This proves Claim D. 

Claim E. Conditional on the events Ajj/, 1 < i < 3, < j' < j and the embedding up to time 
Tj — 1, the probability that A3 j does not hold is at most 0' 12D - 

Proof. Since Ayj-x and A 2 j_i hold, Claim C gives \E^(Tj - 1) \ £7^(2) - 1)| < £,1^.(2} - 1)| 
and Claim D gives \D^. g(Tj — 1)| < 012d\E z ATj — 1)| for any E containing x. We also have 



OK z .(Tj — 1)| > (1 — 0*)\F x .(Tj — 1)| by Corollary 4.16 Since y = 4>(zj) is chosen uniformly at 



random in OK Zj (Tj — 1), the probability that y G E^(Tj — 1) or y G E (Tj — 1) for any 2£ 
containing x is at most (e* + D6\2d)/0- — 0*) < 0'ud- This proves Claim E. 

To finish the proof of the lemma, suppose that all the events Aj 1 < i < 3, 1 < j < y hold. 
Then Ai, 5 gives \F x (T g )nW\ = \W g \ = (l±e*)\W\\F x (T g )\/\F x {T )\ > \d u \W\ > e 2 jV x \. Also, since 
all of VNh(x) = {z\, • • • , z g } has been embedded at time T g , for every triple E containing x we have 
E t b = x, and \M XjE (T g )nW\ < 0' l2D \F x {T g ) C\W\ by A 2 , g . Now A x nW is obtained from i^(T p )n VP 
by deleting all M X)E (T g ) n W for triples £ containing x, so |A X n W| > (1 - D9' l2D )\F x (T g ) n W|. 
In particular, A x n W is non-empty. If any event Ay fails then A3J fails (by Claim B) and so by 
Claim E and a union bound over 1 < j < g < 2D we can bound the failure probability by 9*. □ 

Our final lemma in this subsection is similar to the previous one, but instead of asking for a set 
W of vertices to contain an available vertex for x, we ask for some particular vertex v to be available 
for x. Recall that x G B and we start embedding VNh{x) at time T±. 

Lemma 4.21. For any v G V x , conditional on any embedding of the vertices {s(u) : u < T\] that 
does not use v, with probability at least p we have <fi(H(x)) C (G \ M)(v), so v G A x . 

Proof. We estimate the probability that cp(H(x)) C (G\M)(v) using arguments similar to those we 



are using to embed H in G \ M. The structure of the proof is very similar to that of Lemma 4.20 
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Here we will see the purpose of properties (ii) and (iii) in the definition of super-regularity, which 
ensure that every v G V x is a potential image of x. For z G VNjj(x) we write 



l^(T )(^)| 



d,(F(T )( V )) 



^(F(T ))|F 2 (T )| d X2 (F(ro))^(F(r ))' 



We consider a vertex z to be allocated if z is embedded or z = x. For ^ S G H unembedded we 
define as follows. When |5| = 3 we let i/g(t) = v s (t). When \S\ = 1, 2 we let i/g(t) = u s (t)+K, 
where K is the maximum value of v'g x /(t') over allocated vertices x' with S G H(x'); if there is no 
such vertex x' we let f<j(i) = vs(t). Thus is defined similarly to ^(i), replacing 'embedded' 

with 'allocated'. We have Vg(t) > fc'g(i) and Lemma 4.3'iii-vi) hold replacing i/ with i/". 

Suppose 1 < j < g and that we are considering the embedding of Zj. We interpret quantities at 



time Tj with the embedding 



y, for some as yet unspecified y G F Zj (Tj — 1) 



We define exceptional sets E v z .{Tj - 1) C F^. (7) - 1)0) by y G ^(2) - 1) \ £J.(2) - 1) if and 



only if for every unembedded / S G i7(x) fl H(zj), 
Fsx(Tj)(v) is ^-regular if \S\ = 2, 

ds(F(Tj)(v)) = (1 ± e^ (T . )>1 )d s (F(T i ))ds a ,(F(r i )) if |S| = 2, 
d*s(F(Tj)(v)) = (1 ± e I ^ (r . )il )ds(F(r jf ))rf Sa! (F(r i ))as if |5| = 1. 



dsn) 



Here we use the notation ds(F(Tj)(v)) 
distance at most 3 from x in if and let H' - 
S G H we define 



Fm) 



= ds(F Sx <(Tj)(v)). Let Y be the set of vertices at 
{S £ H : S Q Y}. For any ZCF and unembedded 



|J F S ' x (Tj)(v) 
S'cznS,S'eH(x) 



Thus F(Tj) z s * v consists of all sets P G F s {Tj) such that P S 'V G Fg/ x (Tj) for all 5' C Z n 5 with 



5' G H(x). For any triple F, we use the notation F = F^* 



14(2} - 1) and v* 



similarly to the previous lemma, replacing v 1 with v" . For ZCF and F G U{zj) we define sets of 
dangerous vertices by 



D^UTj - 1) = {y G F(Tj - 



(Tj) n F(Tj 



> 



}■ 



^*"< are well- 



The strategy of the proof is to analyse the event that all the complexes F(Tj) z E± 
behaved, meaning informally that they are regular, have roughly expected densities and do not have 
too many marked edges. The regularity and density properties will hold if we choose y = (fi(zj) ^ 
E v z .{Tj — 1), and the marked edges will be controlled if we choose y = 4>(zj) ^ F> z *" E {Tj — 1). 

We think of Z as the sphere of influence, as it defines the sets which we restrict to be in the 
neighbourhood of v. Our eventual goal is that all sets in H(x) should be embedded in G(v), but to 
achieve this we need to consider arbitrary choices of Z C Y. For later use in the proof we record 
here some properties of Z that follow directly from the definitions. 



« F{T 3 )i 



Z*v 



F{Tj) (znS)*v_ 
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ii) F(Tj - l)f*« is F Zj (Tj - 1) if Z j iZox F XZj (T 3 - l)(v) if Zj G Z. 



(hi) F(Tjfg V = F(Tj)s, so D^ E {Tj - 1) = D Zj , E (Tj - 1) = {y G ^.(Tj - 1) : IM^T-)! > 
9 u *\F(Tj) E r j |}, as defined in the description of the algorithm. 

(iv) If Z' = Z U then F(Tj) z E ™ = F(Tj) z E ™ by (i), since ^ g E T i , so 

^(Tj " X ) = " !) n " !)(«)• 

(v) If S C Z and S G £T(x) then F(Tj) z * v = F Sx (Tj)(v). 



Write 5 2j = (2) - 1) U £^(2) - 1). Recall that U(zj) is the set of triples E with E n 
V Nn{zj)zj ^ 0. We consider the following events: 

• -^lj> J > 1 is the event that property (* ion) above holds. We also define A^o to be the event 
that \G(v) z n K(T )| > (1 - 4 /3 )|G(t;) z | for every z G VN H (z). 

• -A2,j> j > is the event that for every triple E £ H' and Z C E we have 



3 ) E T i 



< 



m) z E r 3 



• A3 j > is the event that for every triple E £ H', Z Q E and $ S Q E' 1 
F(Tj) z * v is e^ (T . )j2 -regular for \S\ > 2, with 



d s (F(Tj 



,Z*v\ 



(1 ± e^ (Tj)i2 )(i s (F(T ? -))(i^(F(T ? -)) if S C Z, 5 G fT(s), |5| = 2 
(1 ± e u ,, {T . )!2 )ds(F(Tj))d Sx (F(Tj))as if 5 C Z, 5 G (z), |5| = 1 
( l ± e ^(T 3 ),2)ds(F(Tj)) otherwise. 



• A4 j, j > 1 is the event that y 



is chosen in OK z .(Tj — 1), defined to be the subset of 



F XZj (Tj - l)(v) obtained by deleting the sets B z . and D z *^(Tj - 1) for all E £ U(zj), Z C E, 
Z' = Z U Zj. We also define A^o to be the event that holds with probability 1 . 

By property (iv) above, an equivalent definition of OK^.(Tj — 1) is the subset of F XZj (Tj — l)(v) 
obtained by deleting the sets B Zj and D z '.* E (Tj — 1) for all E £ U(zj) and Z' C E U Zj. Also, since 
OK z . (Tj - 1) is obtained from F Z] (Tj - 1) by deleting E Zj (Tj - 1) and D z . >E (Tj - 1) = D @ ™ E (Tj - 1) 
for £ G U(zj) we have Oif| (Tj - 1) C (Tj - 1). 

We will use the following notation throughout: Z is a subset of Y, Z' = Z U Zj, I = {S C Z : 
<S G i?(x)}, /' = {S C Z' : S 1 € -ff(x)}. We divide the remainder of the proof into a series of claims. 

Claim A. The events A^o, A2 t o, A%$ and A^q hold with high probability. 

Proof. A 4i0 holds by definition. For any z £ VN H (x), d z (G(v)) = (1 ± e')d xz (G)d z (G) > d u by 
condition (ii) of super-regularity, so A\ holds with high probability by Lemma 



4.18 



Next recall 

that no vertex at distance within 4 of x has been embedded at time To, so T 2 (To) = V z (Tq) for any 
z within distance 3 of x. (This is why we choose the buffer vertices to be at mutual distance at least 

8]i 3 )\G(v) z \ by A li0 . For 



9.) We have \F Z (T )\ > (1 - 2y/^)\V z \ by (5) and \F Z (T ) n G(v) z \ > (1 
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any S £ H' with \S\ > 2, F S (T ) is the restriction of G s to ((F Z (T ) : z G 5),{0}). Since G s is 

1 /3 

e-regular, Fs(Tq) is e'-regular with ds(F(To)) = (1 ± e')ds(G). It also follows that a z > 1 — 25g . 

Now we show that ^3,0 holds. Consider any triple E £ H' and Z C £\ Suppose 9 ^ S Q E. 
There are two cases according to whether S £ I. Suppose first that S £ L By property (v) above, 
F(T )fr = F 5:c <(To)(t;) is the restriction of G Sx <{v) to ((F 2 (r ) n G{v) z : z £ S),{0}). If \S\ = 2 
then G Sx <(v) is e'-regular and ds(G(v)) = (1 ± e')ds(G)ds x (G) by condition (ii) of super-regularity. 
Then by regular restriction Fs x (Tq)(v) is e^o-regular and ds(F(To)(v)) = (1 ± eo,o)ds(G)ds x (G) = 
(1 ± 2e ,o)ds(i ? (To))d5x(i ? (To)). Also, if |5| = 1 then d s (F(T ))d Sx (F(T ))a s = d s (F(T )(v)) by 
definition. This gives the properties required by when S £ I. In fact, we have the stronger 
statements in which e u ^ To ^ 2 is replaced by eo,i, say. On the other hand, if S ^ I then F(Tq) z < v is 
the restriction of F S <(T ) to U s ,csnZ,S'EH(x) F S'x( T o)(v). Since F S <(T ) is e'-regular and F S i x {T )(v) 
is eo,i-regular for S' £ I, by regular restriction F{Tq) z * v is eo,o- r egular with ds(F(To) z * v ) = (1 ± 
e')d s (F(T )). Thus A 3fl holds. 

It remains to show that A 2i o holds. We will abuse notation and let / also denote the subcomplex 
{i(S) : S G 1} of (Q). Then F(0)f™ = as defined in Definition |3.15| By property (iii) 



of super-reg ularity \M E n G%\ < 9\G^\ and G^ < is e'-regular with S'-density (for S C E) equal to 
(l±e')d s (G)d Sx (G) if S £ / or (l±e')ds(G) otherwise. NowF(T )f w is F z {T )nG(v) z ii z £ ZnH(x) 
or ^(To) otherwise, and similarly G ! z is G(v) z if z £ Z C\ H(x) or G^ otherwise. Either way we 
have \F(T ) Z * V \ > (1 - <5]/ 3 )|G^| by the estimates recalled above. For \S\ > 2 we showed above 
that d s (F(T ) z * v ) is (1 ± 2e , )d s (F(T ))d Sx (F(T )) if S £ I or d s (F(T ) z **) = (1 ± e')d s (F(T ) if 
Si I. Recalling that d S /(F(T )) = (1 db e')d s ,(G) for S" G H' with \S'\ > 2, Lemma |Q5| gives 

~W = = (l±8e')n ze ,|G,| > (1 " 10e °< 2)(1 " } > 1/Z 

Now |M Bi£ ;(ro)n J F(ro)|* 1 '| < |M s nG^| < e\G^\ < 20|F(T Q )f w |, giving even a stronger bound on 
the marked edges than is needed. Thus A 2t o holds. 

Claim B. Suppose A 3ii _i holds. If y $ E% (Tj - 1) then A hj and A 3J hold, and if y <£ D z * v E {Tj - 1) 
then A%n holds. Thus A-&j—\ and A<±j imply A\a, A 2 j and A 3 j. 

Proof. Suppose y ^ E v z .(Tj — 1). Then Aij holds by definition. A3J follows from A\j similarly to 
the case j = considered in Claim A. To see this, consider any triple E G H' and Z C E. Suppose 
/ S C £ is unembedded. If 5 C Z and S £ H(x) n F(^) then F(Tj) z * v = F Sx {Tj)(v) satisfies 
(" lOTl) by Aij, so we have the properties required by A 3 j. In fact, we have the stronger statements 
in which e u »( Tj ^ 2 is replaced by e^^),!- For any other 5 we use the definition of F(Tj) z * v as the 



restriction of F s <(Tj) to ^->s'csnz.S'eH(x) F S'x(,Tj)(v). Note that by Lemmas 3.11 and 4.5 we get the 



same result if we replace Fs> x (Tj)(v) by Fs' x (Tj — l)(v) for those 5" ^ H(zj). Now Fs'(Tj) ise^^.^x- 



regular for S' C 5 by Lemma 4.13, Fs> x (Tj)(v) is e^^^x-regular for S" C Sfl2, S" E -ff(x) DH(zj) 
and Fs' x (Tj — l)(v) is e I/ » ; (^._ 1 ) 2- r egular for 5' G / by ^3^-1. So by regular restriction F(Tj) z * v is 
e^.^-regular with dsCF^)^) = (1 ± ^(^.a)^^^))- Thus A 3J holds. 

Next consider any triple E £ H' and Z C E 1 . Suppose y ^ D Z ™ E ( T 3 ~ l )- If ^ G J7(^-) then 
by definition we have |M„t, (T,-) n F(T,-)f^| < ^* |F(T,-)^|, which is a stronger bound than 
required. On the other hand, if E £ U(zj) then consider the most recent time Tji < Tj when we 
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embedded Zf with E G U(zji), setting f = if there is no such time. Then E T i' = E T i , and by 
the stronger bound at time f we have \M e t 3 e (T?) n F(7»g?| < e v *\F(T f ) E %.\. (Recall that we 
also obtained a stronger bound for ^2,0 m Claim A.) Now F^Tj) 7 ^. is obtained from F(Tj 
deleting at most 2D vertices (j)(z 



) Z E %) by 



j' + 1 < j* < j and the sets containing them, so \F(Tj)^i \ 



> 



(1 — e*)\F(Tji) z E *T.\] this can be seen by regular restriction and Lemma 
fact that a trivial bound for the number of deleted sets has a lower order 



4.10 



or simply from the 
of magnitude for large n. 



< Z * T V \, so 



Therefore |M^. E (Tj) n F(2))g? | < .^(T,,) n F^,)^ | < Q v *\F(^Tji) z *^\ < ff^Fft 
A 2y j holds. 

Claim C. If and A 3J _a hold then ^£.(2) - 1) \ F Zj (Tj - 1)| < e*\F xz .(Tj - l)(v)\. 

Proof. For any S £ H we write v'g = v'g(Tj — 1) and v% = u'g(Tj). Consider any unembedded 
0/ S G H(x)r\H( Zj ). 

Case C.l. Suppose first that S = z has size 1. Note that u* > maxf^V^z)^} by the analogue 
4.3 for v" . We consider two cases according to whether xzjZ G H. 



of Lemma 



Case C.l.i. Suppose that xzjz G H. Then F xz (Tj)(v) = F XZjZ (Tj — l)(yv). Since F XZjZ (Tj — l)(v) = 
F{Tj-l)%T , using Agj-i we have ^(F^— 1)(«)) = (l±e^ zi2 )4 2j2 (F(r 7 -l))4 j ,(F(T 3 -l)) > 
(4/2 and F XZjZ (Tj - l)(v) is zi2 -regular. We also have d z (F(Tj - l)(v)) = (1 ± e v ^ 2 )d xz (F(Tj - 
l))d z (F(Tj — l))a z . By Lemma 



l)(f) we have |F X2 (Tj)(u) 



2.2 



for all but at most e v n z ^\F XZj (Tj — l)(v)\ vertices y G F XZj (Tj — 
(Tj - l)(v)(y)\ = (1 ±L, ,s)d ZjZ (F(Tj - l)^))!^^ - 1)(«)|, 



so 



d z (F(Tj)(v)) = (1 ± e^ z , 3 )^ 2 (F(r j - 1)( V ))4(F(F, - l)( v )) 
= (1 ± e y » 2i3 )(l ± e^. 2i2 )(l ± e^',2)x 

d XZ]Z (F(T 3 - l))d ZjZ (F(Tj - l))d xz (F(T 3 - l))d z (F(T 3 - l))a z . 

Also if y $ E Zj (Tj - 1) then (=tgj]) gives 

d xz (F(T 3 )) = (1 ± e Kz , )d xz (F(Tj - l))d XZjZ (F(Tj - 1)), and 
4^(2))) = (1 ± e„*, )d z (F(Tj - l))d ZjZ (F(Tj - 1)). 

Thus for such y we have the required estimate d z (F(Tj)(v)) = (1 ± e^* ! i)d a;2 (F(Tj))(i 2 (i ? (Tj))a 2 . 
Case C.l.ii. Suppose that xzjz ^ iF Since ZjZ G H and xzj G H we have 

F^T,-) = F^<(T, - l)[(F^(r, - l)(y),F zz .(T,- - l)(y),{0})], 

i.e. F xz (Tj) is the bipartite subgraph of F xz (Tj — 1) induced by F XZj (Tj — l)(y) and F ZZj (Tj — l)(y). 
Then we have F xz (Tj)(v) = F xz (Tj - l)(v) n F^T) - l)(y). Now ^(2} - 1) is e^.i-regular by 
and 4(F(1) - l)(u)) = (1 ± e u ,,, 2 )d xz (F(Tj - l))d z (F(Tj - l))a z > d{/2 by A 3j _l 
for all but at most e u n >2 \F XZ . (Tj — l)(i>)| vertices y G F XZj (Tj — l)(v) 

[l±e v n^)d zz .(F(Tj-l))\F xz (Tj-l)(v)\. 



Lemma 



4.13 



2.3 



Then by Lemmas 
we have \F xz (Tj)(vJ\ 
This gives 

d z (F(Tj)(v)) 



and 2.2 



(1 ± e v ,,. z , 2 )d ZZj (F(Tj - l))d z (F(Tj - l)(v)) 

(1 ± e^. zl2 )(l ± e u ,, t2 )d ZZj (F(Tj - l))d xz (F(Tj - l))d z (F(Tj - l))a z 
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We also have d z (F(Tj)) = (1 ± e u * fi )d z (F(T 3 - l))d ZZj (F(Tj - 1)) if y $ E Zj (Tj - 1) by and 

1/2 I I 

d xz (F(Tj)) = (1 ± e„* )d xz (F(Tj — 1)) by Lemma 2.3 and using xzj-z ^ i/. Thus for such y we have 
the required estimate d z (F(Tj)(v)) = (1 ± e u * t i)d xz (F(Tj))d z (F(Tj))a z . 

Case C.2. The remaining case is when S = z'z has size 2. Note that xzjz'z is r-partite, as 
z'z E #0*0 H H(zj) and xzj E i/. Note also that v*, z > max{y" 2 ,^ 2 , 2 ,^, z }. Consider the 
complex 



J = F ZiZ , z <(T J -l) 



|J Fs' x (Tj — l)(w) 



S'Cz,-z'z,S'eH(a;) 



We claim that F xz i z (Tj)(v) = J(y). To see this, note first that F xz , z <(Tj) = F xz , z <(Tj — l)[F xz / z <(Tj)] 
by Lemma 3.11. Then by Lemma 4.5 we can write F xz , z <(Tj) = F xz , z <(Tj — 1) * F xz / z <(Tj) and so 

^,' 2 < = F z , z < (Tj - 1) * F z , z < (Tj) * F x . z ,,< (Ij - l)(v) * (!,■)(«) 

= F z > z <(Tj) * F XZ , Z <{T 3 - l)(v) * F xz ,<(Tj)(v) * F xz <(Tj)(v). 

Here we used F Z , Z <(T 3 - 1) * F z , z <(Tj) = F Z , Z <(T 3 - 1)[F Z , Z < (Tj)] = F Z , Z <(T 3 ) and F xz t z < (Tj)(v) = 
F xz ,<(Tj)(v) U F xz <(Tj)(v) = F xz ,<(Tj)(v) * F xz <(Tj)(v). To put the above identity in words: 
F xz ' z (Tj)(v) is the bipartite subgraph of F z , z <(Tj) n F xz i z (Tj — l)(v) induced by F xz /(Tj)(v) and 
F X z(Tj)(v). Also, 

J = F z , z , z < (Tj - 1) * O F S'x< (Tj - l)(v), so by Lemma [4gii) 

S'C Zj z'z,S'EH(x) 

J(y) = F z , z <(Tj-l)* O F s , x <(T 3 -l)(v) 

S'Cz'z,S'EH(x) 

* F Z]Z/z <(Tj - l)(y) * Q F s , x < (Tj - l)(vy) 
S'C Zj z'z,S'eH(x) 

= F z , z < (Tj) * F xz , z < (Tj - l)(v) * O F s>^ ( T J ~ !)(«!/)• 

S'C Zj z'z,S'eH(x) 

Here we used F z . z , z < (T 3 - l)(y) = F Z , Z <(T 3 ) and F,,^^ -l)*F z , z <(Tj) = F z , z <(T 3 -l)[F z , z <(Tj)} = 
F z , z <(Tj). We also recall that S = z'z E H(x), so S' E for any S' C z'z. Note that 

Qs'Czjz'z,S'eH{x) F S'x<( T j ~ l)( v v) is a 1-complex containing {0}, F XZjZ (Tj - l)(vy) if xzjz G H and 
F XZjZ '(Tj — l)(vy) if xzjz' G -ff. As in Case C.l, we have F xz (Tj)(v) = F XZjZ (Tj — l)(vy) if xzjZ G iJ 
or F xz (Tj)(v) = F xz (Tj - l)(v) n F«(Tj) if rrzjZ ^ H, and similarly F x . z /(Tj)(u) = F XZjZ i(Tj - l)(vy) 
if x^-z' G H or F xz ,(Tj)(v) = F xz ,(Tj - l)(v) n if £ Th us J(y) is also equal to 

F z , z <(Tj) * F xz , z <(Tj - l)(v) * F xz ,<(Tj)(v) * F xz <(Tj)(v), which proves that F xz , z < (Tj)(v) = J(y). 



For any S' C Zjz'z, Fs'(Tj — 1) is e u i / ^-regular by Lemma 14.13 if 5' G ff and, using property (v) 

" is e v » ; o-regular 



above, Fs' x (Tj — l)(v) is e^» ; ^-regular by ^j-i if 5 1 ' G H(x). By Lemma 4.8 
with 



d Z]Z ' z (J) = (1 ± ; :2 )d Z]Z ' z (F(Tj - 1)). 



Similarly, by Lemma 2.3 if S" C Zjz'z, \S'\ = 2, S" ^ then J5/ is e^^-regular with d$>(J) = (1± 



V 2)^5'( i? (T i -l)). C7h the other hand, if 5" C Zj^'z, \S'\ = 2, S" G then J S / = F s , x (Tj -l)(v) 
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is e^-regular with d s >{J) = (1 ± e u ^ 2 )ds'x(F(T 3 - l))d s >(F(Tj - 1)) by A 3) j-i. In particular, 

d z , z (J) = (1 ± )2 )d xz , z {F{T 3 - l))d z , z {F{T 3 - 1)). 



4.13 



and 



4.8 



Thus 



Now by Lemma 4.6, for all but at most 6ei2D,3\F XZ j {T 3 — l)(v)\ vertices y G F XZj {T 3 — l)(v), 
F xz > z (Tj)(v) = J{y) is e^o-regular and ^(P^-)^)) = d z > z (J(y)) = (1 ± e 1/ * / ^ ) o)rf jej 2' JS (J)d z '«(J). 
Also, d zlz {F{T 3 )) = (1 le^^d^^FiTj - l))d z , z {F(T 3 - 1)) if y ^ £^(2} - 1) by and 
d X z'z{F{T 3 )) = (1 ± o)d X z'z(F(T 3 - 1)) by Lemmas 

d z , z (F(T 3 )(v)) = (lie,., , )d Z] z>z(J)dziz{J) 

J z z J 

= (1 ± l0 )(l ± e„» , , 2 )(1 ± V, , 2 )d Zj z'z(F(T 3 - l))d xz > z (F(T 3 - l))d z >z{F(T 3 - 1)) 

»'* zjz'z 1 z'z' J 

= (1 ± ^i, z ,i)dz'z{F(T 3 ))d xz 'z{F(T 3 )), i.e. (^ toij) holds for S 1 = zz'. 

Combining the estimates for all cases we have at most c*\F xz .(Tj — l)(v)\ exceptional vertices y, so 
this proves Claim C. 

Claim D. If Aij—x, A2J—1 and A3 hold then for any E G U(zj), Z C P, Z' = Z U z,- we have 

l<^(^-l)|<^|^(^-l)W|. 



Proof. Note that 1/* > ^ by Lemma 4.3, since £ £ U{z 3 ). 

Case D.l. First consider the case Zj £ £. Then E T i = E\z 3 and F e t 3 <(T 3 ) = F-<(T 3 - l)(y). We 
will show that 

F(T 3 f E V;< = F(T 3 - l)Jf(y). (4m) 

Before proving this in general we will illustrate a few cases of this statement. Suppose that x G £7, 
say £7 = xzjZ for some z. If 2 is embedded then E = xz.,- and E T i = x, so F{T 3 ) X * V = F X {T 3 ) = 
Fxz 3 {T 3 - l)(y) = F(T 3 - l)%' z * v (y). If z is not embedded then E = E and P T -> = xz, F{T-) Z * V is 
FCZ^Cv) = F(Tj - l) E {vy) if s € / or F{Tj) z = F ZjZ (T 3 - l)(y) otherwise, and F{T 3 )%* V is the 
bipartite subgraph of F(T 3 ) XZ = F{T 3 - l) E (y) spanned by F{T 3 ) Z X * V = F X {T 3 ) = F XZj {T 3 - l)(y) 
and F(T 3 ) Z * V . Also, we have P G P(Pj - l)f * v (y) if Py G P(P,- - l)f™, i.e. Py G F{T 3 -1) E and 
(Py) 5 v G F Sx {T 3 - 1) for all S C Z', S G P(x). Equivalently, (i) P G F^ - l) s (y) = F(P,)^, (ii) 
for S C Z\zj, S 1 G F(x) we have P s w G F&(Tj - 1), i.e. P s G Fs^Pj - l)(u), and (iii) if Sz 3 G H(x) 
we have P 5 y V G F SxZ] (T 3 - 1), i.e. P 5 G F^P,- - l)(y)(«) = F Sx (T 3 )(v). Thus P G F^ff- 

On the other hand, suppose that x G" E and consider the case that E is unembedded, i.e. E = E = 
Zjz'z say. Then F{T 3 ) Z * Z is the bipartite subgraph of F(T 3 )' Z , Z spanned by F{T 3 )' Z and F{T 3 )' Z ,, where 
we write F(T 3 )' z , z for F(Tj) xz > z (v) if z'z £ I or F{T 3 ) z >z otherwise, F{T 3 )' Z for F(Tj) xz (v) if 2: G I or 
F(Tj) z otherwise, and F{T 3 )' Z , for F{T 3 ) xz t{v) if z' £ I or F(T 3 ) Z / Z otherwise. Recall that F{T 3 ) xz {v) 
is P^(Tj - 1)M if a;*^ G P (see Case C.l.i) or F XZ (T 3 - l)(v) n P^.^P,- - l)(y) if xz 3 z £ H 
(see Case C.l.ii). Similar statements hold for F xz ,(T 3 )(v). Also, if z'z C Z then P(Pj - is the 

complex J defined in Case C.2, so as shown there F{T 3 ) xz , z <{v) = F(Tj — l)^ v (y). 

We deduce (4 ron) from the case A = E T i of the following more general statement, which will 
also be used in Cases D.2 and D.3: 

F(T 3 ) Z A T = F{T 3 - l)f;|(y) for A G H{z 3 ). 
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To see this, note that F Sx <(Tj) = F Sx <(Tj — 1)[F S <(Tj — l)(y)] for any Zj £ S G I by Definition 



3.7 (deleting y has no effect), so by Lemma |4.5| we have 

F Sx <(T 3 )(v) = (F Sx <(T j -i)*F Sxz s(T j -l)(y))(v) 
= F s ^(T j -l)*F s ^(T j -l){y) 

*F Sx < (Tj - l)(v) * F Sxzf (Tj - l)(yv) 
= F Sx < (Tj - 1)(„) * F Sz £(Tj - l)(y) * F Sx <(T 3 - l)(yv), 

since F <(Tj — l)(y) * F s <(Tj — 1) = F <(Tj — l)(y). Now by definition and Lemma 



4.5 



we have 



F(Tj ~ 1)J< = F aA T 3 ~ Wsel'FsATj ~ l)(v)] = F Az <{T - 1) * Q F Sx <(T 3 - l)(v), so 



F(Tj - lf* v (y) A < = F A < (Tj - 1) * QF Sx <(T 3 - l)(t 



sei 



* F Az < (Tj - l)(y) * O F Sx<(Tj ~ l)(vy) 



sei' 



= F A <(T 3 - l)(y) *QF Sx <(T 3 - l)(v) * Q F Sx <(Tj - l)(vy). 
3 Sei Ser 

Here we used F A <(Tj — 1) * F. <(Tj — l)(y) = F. <(Tj — l)(y). On the other hand, 

F Z A T(T 3 ) = F A <(T,)[UseiF Sx (Tj)(v)] = F A <(T 3 ) * Q F Sx <(Tj)(v) 

Sei 

= F A < (Tj) * Q (f Sx < (Tj - l)(v) * F Sz <(T, - l)(y) * F Sxz <(T 3 - l)(yv)\ 
Sei ^ 3 3 ' 

= F Az <(T, - l)(y) *QF Sx <(T J - l)(v) * Q F s , x <(Tj - l)(vy) = F(Tj - lf* v (y) A <. 
3 Sei S'eV 

In the second equality above we substituted for F Sx <(Tj)(v), and in the third we set 5' = Szj and 

used F <(Tj - l)(y) * F <(T 3 - \)(y) = F <(T 3 - l)(y). This proves (ten), and so (+tori). 

i i i 

Now M eTj e (Tj ) = M EE (Tj -l)(y) by Lemma |3.14l so we have M e t 4 E (Tj) n F(Tj)%% - 



M EE (Tj - \)(y) n F(Tj - \)%t v (y). Recalling that F(T 3 - l) z '™ = F XZj (Tj - l)(v), we have 



D z ':i(Tj-l) = iyeF xz .(Tj-l)(v)-. 



[M E E (Tj-l)r^F(T 3 -l)^) (y) 



F(T 3 -l) z _^(y) 



Z'*v 



Also, F(Tj — 1)^L< V is ei2D,2-regular by A^j-i, so writing B' z . for the set of vertices y G F(Tj — l)f 

E 3 3 

for which we do not have \F(Tj - l)|'* v (y)| = (1 ± e*)\F(Tj - l)^* v \/\F(Tj - l) z '* v \, we have 
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\B' | < e.\F(Tj -!)%**] by Lemma 



4.12 



Now 



E := 



yeDf.'HTi-l) 



Z'*v 

-=< 



> 



E 



nri-i)£T(y) 



^ gD z'^ (Tj _ lA ^ 



> (1 — e^)O v *(\Df*^(Tj - 1)1-^1^.^ - 1)(„)|) |F(T, - l)^/^.^ - 1)(«)|. 
We also have an upper bound 



E < 



E 



M^-lJnF^-l)^ (y) 



V£F XZj (T 3 -l)(v) 



= \M %E {Tj - 1) n F(Tj - l)fn < 0'u\F{Tj ~ 
where the last inequality holds by A^ j—x. Therefore 

\DSS(Tj-l)\ 



< 



\F XZj (Tj - l)(v)\ (l-e.)0„. 



+ e* < 



Case D.2. Next consider the case zj £ E and E G F(^). Then ^ = E 1 ^' -1 = J5 and F ETj <{Tj) 



F E < (Tj - l)(y). Also, by we have F(T,-)^ = F(T, - 1)0(2/). Now M %E {Tj) = M EE (F 



1) n F E (T 3 ) by Lemma |3l4| and i^Of* C F^Tj), so M-^ E (Tj) n F(Tj)^* v = M E E (Tj - 1) n 
F(T, - l)f' w (y). Since F(T, - = ^.(T, - l)(t,), we have 



-i) = <; 



M^m-^nF^-i)!;-^) 



> 



'V* 



Also, since E £ H(zj) we have -Ezj C E J for some triple Eq G If', so applying A3 j_i to E?o we 
see that — 1)^'*< is ei2D,2-i , egular. Then writing B^. for the set of vertices y G F(Tj — l)f.' 

for which we do not have \F(Tj - l)f w (y)| = (1 ± e*)|F(T,- - M'^l/lFm - l)f * u |, we have 
|^.| < e*|.F(Tj - l)f.'* v | by Lemma 14.12 Now 



Z'*v 
3 



E := 



E 



MEviTj-^nFiTj-l^iy) 



> 



> (1 - e^(\D^(Tj - 1)| - e*\F XZ] {T 3 - l)(v)\) \F{T 3 - l)%™\/\F XZj (Tj - l)(v)\. 



E 

Z'*v\ 



%^ri)nf(T r ir(!/) 



. This sum counts all pairs 



We also have E < Yly&F x 

(y,P) with P G M^Tj - 1) n F(Tj - l)f *«, y G F M .(Tj - l)(v) and Py G F(Tj - l)f *«, 
S < Ep^^pj-DnFpi-i^- TO " ^irW ^ Lemma 



so 



4.14 



vi) we have 



|F(T,-l)f-(P)| = (l±e*) 



|F(T, - l)f-| 
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for all but at most e*\F(Tj - l)f * v \ sets P G F(Tj - \% * v . Therefore 



S < |M E JTj - 1) n - 1)§ W |(1 + e 



|F(T y -l)§^' 



+ e.TO- 1)1-11^.^ -l)(«)|. 



\Z'*v\ 



Combining this with the lower bound on £ gives 

(1 - e.)MP£E(2i " 1)I/I^(T, - 1)( V )| - 6.) 



< (1 + e.) 



1*^(2} -i)n ^-1)1^1 



\F(Tj - 1) 



+ 6: 



1^-1)1-11^.(^-1)^) 



|F(T,- - 1) 



Now F(r, - = F(Tj - |Mg B (T, - 1) n P(P, - l)f «| < 9' V \F{T 3 - l)f«| by A 2j -_i, and 



i^-i ^-ii^m-Dwi < 2d _ 4 <K e _, by Lemma 



4.14 



and A3j_i, so 



l^(^-l)| + 

< ~ h e* < 



\F xz .(T 3 -\){v)\ (1-e*)^ 

Case D.3. It remains to consider the case when Zj ^ E and P ^ H( z j 
Ei 
that 



P ^ H( Zj ) we have |P| > 2. Then F-<(T 3 ) = F-<(Tj - 1)[F E <(T 3 -)] by Lemma 



Since P G P(£j) and 
Also, we claim 



3.11 



21L 



To see this, consider S C P and P G F{T j ) z s * v . Then by definition P G Fs{Tj) and P 5 / G F S ' x (Tj)(x 



\Z*v 



for all 5' C 5 n Z with 5' G P(x). Since Ps(Tj) C F s (Tj - 1) it follows that P G P(Tj - iy s . 
Also, for any S" C 5' C S with S" C P, 5" C Z and 5"' G H(x) we have P 5 / G F S ,(T 3 ) and 
P5" G F S n x (Tj)(v), so P s , G F(Tj)p v . Thus P G P(T,- - l)^[F{T 3 )^\. Conversely, suppose that 



S C P and P G P(Pj - 1)|< [P(Tj0f<1s- H S £ E then P G F{T 3 )p> C P(P,)j| v . Now suppose 



)|^[P(T ? -)|r 1 

5 = P. Then P G - 1) and P51 G P<?'( T j) for 5' C 5, so P G Fjj{T 3 ). Also, for S'CSwe have 

P 5 , G F(Tj) z s r v , so P<j„ G Fs^iTj)^) for all 5" C 5' n Z with 5"' G P(x). Therefore P G F(T 3 )§* V . 
This proves (C l4.2il) - Note also that since z G' E we can replace Z by Z' in (C l4.2il) • 



Since M-gj E (Tj) = M^Tj-l^F^Xj) and P(T,)|- C P^T,) we have M %E {T 3 )nF{T 3 )* 
Mg^P; - 1) n F{T 3 - 1)J<- [P(Pi)|'<* u ]. Then 



z'*« 



£f,*J(T; -1)= 2/€ ^-(Tj - 1)(«) : 



Next note that by A^—i and Lemma |4.10| we have 



M^ E {T 3 - 1) n F(T 3 - %r[F{T 3 )p*\z 



F(T 3 -1)^[F(T 3 )^} E 



> 



d(F(T 3 - 1) 



Z'*v\ 



(1 ± 8e*) n ^(p(p,- - 1)) n *sx(F(Tj - 1)) n as . 

sce Sel Sei,\S\=i 

Now consider y ^ E^.(T 3 — 1). By Claim B we can apply the properties in A3J with this choice of 
y, so we also have 

(1 ± 8 e ,) n d S (F(T 3 )) n fe(p(r,)) n 

sce sei Sel,\s\=i 



d(P(T,)f-) 
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Now dsiFiTj)) is (l±e*)d s (F(T j -l))d Szj (F(T j -l) for 5 G H( Zj ) by or (l±e*)d s (F(T,,— 1)) 
for 5 ^ H{zj) by Lemma 



4.14 



Therefore d(F(Tj)^* v ) = (1 ± 40e*)d(F(Tj - 1)|*^) x cf , where 



<r - n d Szj (F(T,-i)) n ds^m-i)) 

SCE,SeH( Zj ) Sei,SxeH(zj) 

= (l±8e*) 11 -J- ^ z '* v 
SCE,SeH(zj) 



To see the second equality above, note that for any S £ I with Sx G H(zj), applying A^j-i to 



any triple Eq G H with Szj C F, 



T,-l 



since 



Szj C Z' = Zzj we have ds Zj (F(Tj — 1) 



Z'* 



(1 ± eJdsxzjiFpj - l))ds Zj {F{Tj - 1)). We deduce that 



F^-l^FiT^m 



\Z'* 



(1 ±50e*) F(Tj - 1) 



E 



for such y El(Tj - 1). Now 



yeDf.WTj-l) 



V6D*'«(T,-1)\B ; 



M^C^ - 1) n - l)|r [F(T,)J<*1 

F^-ig'rtF^oj'r^ 



> (1 - 50e*)^(|L»Jf (2} - 1)| - v^l^m - 1)(«)|) F(T, - 1) 



ff. 



(Note that we used the estimate \B Zj \ < 2e\F Zj (Tj — 1)| < yfe^\F XZj (Tj — l)(v)|, by Lemma 
Claim C.) We also have E < X^eF 
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and 



m^ e {t 3 - 1) n F(ij - • This sum 

counts all pairs (y,P) with P G M^(T, - l)nP(P,- - 1)§'*«, y G F Mj (Tj - 1) («) and Pg G F(Tj)f* v 
for all 5 C F, S G H{zj); there is no need to consider S ^ H(zj), as by Lemma 
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we get the 

same expression if we replace the restriction to F(Tj)g'* v by F(Tj — l)c'* v for such S. Note that 
F(Tj)f^ = F(Ti) z s ™ and P s G F(T,)f™ & P 5 y G F(Tj - 1)§'™ by (fen). Given P, let F£ z be 
the set of y G F xz .(Tj - l)(v) satisfying this condition, and let B v z be the set of P G F(Tj - l)^* v 
such that we do not have 



|F£ Z | = (1 ± e*)\F XZj (Tj - l)(v)\d* = (1 ± e ,)|F(r,- - 1)^«|(T. 
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Lemma 

e^F^-^l)!'*"!. Then 



applied with G = F(Tj - l)t< v and I = {i{S) : S C F,S G tffo)} gives |P|| < 



£ < |M^(r, - 1) n F(T, - l)f'*«|(l + e*)|F^,(T,- - \){v)\d* + e*|F(T, - l)^* v \\F XZj (Tj - l)(v)\. 
Combining this with the lower bound on E we obtain 



\Z'*v\ 



(1 - 5Oe*)0„* 



|F^(r,- -!)(«) 



^ J^(^-i)nF(T,-i)| i e , 

< (1 + e*J - h 



F(Tj - l)f* 
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Now d* > e*, and \M EtE (T j -l)nF(T j -l)Z* v \ < Q' v \F{T 3 -\)^\ by A 2J -i (since F(2}- l)f *" = 
F(Tj - Then 

1^.(^-1)^)1 < (1 - 50e*)^. + v € *< 
This completes the proof of Claim D. 

Claim E. Conditional on the events Ai 3 -/, 1 < i < 4, < j' < j and the embedding up to time 
Tj - 1 we have P(A 4 j) > d u /2. 

Proof. Suppose ^ij-i, A 2 ,j-i and A 3 j_i hold. Then Claim D gives \Df*£(Tj-l)\ < 9 12D \F XZj (Tj- 
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\)(y)\ for any E G U(zj), Z Q E, Z' = Z U zj. Also F^Tj - l)(u) > (1 - 6 1 J 4 )d u 

1/3 

by Asj-i and since a 2j > 1 — 26 ^ . As \E Zj (Tj — 1)| < e*|F 2j .(Tj — 1)| by Lemma 
E z .(Tj — 1) U Eg.(Tj — 1) has size < F^. (Tj — l)(f)l by Claim C. Since H has maximum 
degree at most D we have at most 2D 2 choices for E G U{zj) then 8 choices for Z C F, so 
|OifJ (Tj - l)\/\F xs .(Tj - l)(v)\ > 1 - y/e* - \QD 2 9 12D > 1-0*. Now y = <?!>(^-) is chosen uniformly 
at random in OK Zj (Tj - 1) C F Zj (Tj - 1), and OK v z .{Tj - 1) C OK Z] (Tj - 1). Then Claim E follows 
from 

pr <=n^T 1^ O^(^--i) (i-^)|F^(T,-i)(^| ,V4 w ^, /9 
P(y G OF^T, - 1)) = Q ^ (r ._ 1} > 1^(^-1)1 > (1 " " )du > ^ 

To finish the proof of the lemma, note that if all the events Ay, 1 < i < 4, 1 < j < g hold, then 
the events imply that 4>(H(x)) Q (G \ M)(v). Multiplying the conditional probabilities given 
by Claim E over at most 2D vertices of VNh(x) gives probability at least (d u /2) 2D > p. □ 



4.6 The conclusion of the algorithm 

The algorithm will be successful if the following two conditions hold. Firstly, it must not abort during 
the iterative phase because of the queue becoming too large. Secondly, there must be a system of 
distinct representatives for the available images of the unembedded vertices, which all belong to the 
buffer B. Recall that A x = F x (t x )\UEB X M Xi E{t x ) is the available set for x G B at the time t x when 
the last vertex of VNh(x) is embedded. Since VNh(x) has been embedded, until the conclusion of 
the algorithm at time T, no further vertices will be marked as forbidden for the image x, and no 
further neighbourhood conditions will be imposed on the image of x, although some vertices in A x 
may be used to embed other vertices in X x . Thus the set of vertices available to embed x at time T 
is A' x = A x f] V X (T) = F X (T) \ Ue3 X M X) e(T). Therefore we seek a system of distinct representatives 
for {A' x : x G X(T)}. 



We start with the 'main lemma', which is almost identical to Lemma 2.6 For completeness we 
repeat the proof, giving the necessary modifications. 

Lemma 4.22. Suppose 1 < % < r, Y C X{ and A C Vi with \A\ > e*ra. Let Ea,y be the event that 
(i) no vertices are embedded in A before the conclusion of the algorithm, and (ii) for every z G Y 
there is some time t z such that \A Pi F z (t z )\/\F z (t z )\ < 2- 2D \A\/\Vi\ . ThenF(E A>Y ) < P 1 q 1 ■ 
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Proof. We start by choosing Y' QY with \Y'\ > \Y\/(2D) 2 so that vertices in Y' are mutually at 
distance at least 3 (this can be done greedily, using the fact that H has maximum degree D). It 
suffices to bound the probability of Ea,y'- Note that initially we have \AC\ ^(0)1/1^(0)1 = 
for all z £ X{. Also, if no vertices are embedded in A, then \A n F z (t)\/\F z (t)\ can only be less than 
\A H F z (t — l)\/\F z (t — 1)| for some z and t if we embed a neighbour of z at time t. It follows that if 
Ea,y' occurs, then for every z E Y' there is a first time t z when we embed a neighbour w of z and 
have \AnF z (t z )\/\F z (t z )\ < \A D F z (t z - l)\/2\F z {t z - 1)|. 

By Lemma [413} the densities d z {F(t z - 1)), d z {F(t z - 1)) and d zw (F(t z - 1)) are all at least 



d u and F zw (t z — 1) is e* -regular. Applying Lemma 2.2, we see that there are at most e*\F w (t z — 1)| 
'exceptional' vertices y £ F w (t z -1) that do not satisfy \Af]F z (t z )\ = \F zw (t z -l)(y)nAnF z (t z -l)\ = 
(1 ± e*)d zw (F(t z — l))\A(~) F z (t z — 1)|. On the other hand, the algorithm chooses (f>(w) = y to satisfy 
(tgj, so |F 2 (t 2 )| = (l±e*)d 2 „,(F(i 2 -l))|F 2 (t 2 -l)|. Thus we can only have |A n F z (t z )\/\F z (t z )\ < 
\A n -F 2 (t 2 — l)\/2\F z (t z — 1)| by choosing an exceptional vertex y. But y is chosen uniformly at 



random from \OK w (t z — 1)| > (1 — ^*)|i ? «,(t 2 — 1)| possibilities (by Corollary 4.16). It follows that, 
conditional on the prior embedding, the probability of choosing an exceptional vertex for y is at most 
e*\F w {t z -l)\/\OK w (t z -l)\ <2e*. 

Since vertices of Y' have disjoint neighbourhoods, we can multiply the conditional probabilities 
over z € Y' to obtain an upper bound of (2e*)' y L Recall that this bound is for a subset of Ea,y< in 
which we have specified a certain neighbour w for every vertex z EY'. Taking a union bound over 
at most (2L>)l y 'l choices for these neighbours gives F(Ea,y) < F(Ea,y>) < (4e*Z))l y 'l < . □ 

Now we can prove the following theorem, which implies Theorem |4.1| The proof is quite similar 
to the graph case, except that the marked edges create an additional case when verifying Hall's 



criterion, which is covered by Lemma 4.20 



Theorem 4.23. With high probability the algorithm embeds H in G \ M. 

Proof. First we estimate the probability of the iteration phase aborting with failure, which happens 
when the number of vertices that have ever been queued is too large. We can take a union bound 
over all 1 < i < r and Y C X { with \Y\ = S Q \Xi\ of P(Y C Q(T)). Suppose that the event Y C Q(T) 
occurs. Then for every z G Y there is some time t such that |i^(i)| < S'q \F z (t z )\, where t z < t is 
the most recent time at which we embedded a neighbour of z. Since A = Vi(T) is unused we have 



Ar\F z {t) = AHF z (t z ), so \Af\F z {t z ) 
we have |^4| > <5en/2 by Lemma 
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/\F z (t z )\ = \ADF z (t)\/\F z (t z )\ < \F z (t)\/\F z (t z )\ < S' Q . However, 
i), so since 5' Q <C 5 B we have \A(~)F z (t z )\/\F z (t z )\ < 2- 2D \A\/\Vi\. 
Taking a union bound over all possibilities for i, Y and A, Lemma |4.22 implies that the failure 
probability is at most r • A Cn ■ p S Q Qn < o(l), since po <C Sq. 

Now we estimate the probability of the conclusion of the algorithm aborting with failure. By 
Hall's criterion for finding a system of distinct representatives, the conclusion fails if and only if there 
is 1 < i < r and S C Xi(T) such that | U 2e5 A' z \ < \S\. Recall that \Xi(T)\ > 5 B n/2 by Lemma [i^i) 



and buffer vertices have disjoint neighbourhoods. We divide into cases according to the size of S. 
< |5|/|Xi(T)| < 7. For every unembedded z and triple E containing z we have |F 2 (T)| > d u n by 



Lemma 4.13 and \M Z) e{T)\ < 9*\F Z (T)\ by Lemma 4.15 Since z has degree at most D we have 



\A' Z \ > (1 — D6*)d u n > 771, so this case cannot occur. 
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7 < \ s \/\Xi(T)\ < 1/2. We use the fact that A := Vi{T) \ U ze sA' z is a large set of unused vertices 
which cannot be used by any vertex z in 5: wehave|A| > |Vi(T)| — \S\ > \Xi(T)\/2 > Ssn/A, yet 



AC\F Z (T) C U E ^ Z M Z , E {T) has size at most D8*\F Z (T)\ by Lemma 4.15 so \Af]F z (T)\/\F z (T)\ < 



D0* < 2- 2D \A\/\Vi\. As above, taking a union bound over all possibilities for i, S and A, Lemma 



4.22 



implies that the failure probability is at most r ■ A Cn • p^ Bn ^ 2 < o(l), since po -C 7, 



1/2 < \S\/\Xi(T)\ < 1 - 7. We use the fact that W := Vi{T)\U zeS A' z satisfies WnA z = WnA' z 



for every z G S. Now \W\ > \Vi{T)\ - \S\ > -y\Xi(T)\ > jS B n/2, so by Lemma [L20| for each 
z the event W n A z = has probability at most 6* when we embed VNh(z), conditional on 
the prior embedding. Multiplying the conditional probabilities and taking a union bound over 
all possibilities for i, S and W, the failure probability is at most r • 4 Cn ■ 9i Bn ^ 4: < o(l), since 
0* < S B - 

7 < \S\/\Xi(T)\ < 1. We claim that with high probability U z( z S A' z = Vi(T), so in fact Hall's 
criterion holds. It suffices to consider sets S C Xi(T) of size exactly (1 — 7)|Xj(T)|. The claim 
fails if there is some v G Vi{T) such that v £ A' z for every z G S. Since u is unused we have 



v ^ A z , and by Lemma 4.21 , for each z the event v ^ A z has probability at most 1 — p when we 
embed VNh(z), conditional on the prior embedding. Multiplying the conditional probabilities 
and taking a union bound over all 1 < i < r, v G Vi and S C Xi(T) of size (1 — 7)|Xj(T)|, the 
failure probability is at most r Cn^ 1 ^ Cn j (1 — p)( l ~~i)\ x i( T )\ < o(l). This estimate uses the 
bounds ( (1 _^) C J < 2^ n , (l-p)(l-T)l^*(^)l < e -P*Bn/4 < 2 - P 2 n and 7 < p _ 

In all cases we see that the failure probability is o(l). □ 



5 Applying the blow-up lemma 

To demonstrate the utility of the blow-up lemma we will work through an application in this section. 
To warm up, we sketch the proof of Kuhn and Osthus |31| Theorem 2] on packing bipartite graphs 
using the graph blow-up lemma. Then we generalise this result to packing tripartite 3-graphs. We 
divide this section into four subsections, organised as follows. In the first subsection we illustrate 
the use of the graph blow-up lemma, which is based on a decomposition obtained from Szemeredi's 
Regularity Lemma and a simple lemma that one can delete a small number of vertices from a regular 
pair to make it super-regular. The second subsection describes some more hypergraph regularity 
theory for 3-graphs: the Regular Approximation Lemma and Counting Lemma of Rddl and Schacht. 
In the third subsection we give the 3-graph analogue of the super-regular deletion lemma, which 
requires rather more work than the graph case. We also give a 'black box' reformulation of the 
blow-up lemma that will be more accessible for future applications. We then apply this in the fourth 
subsection to packing tripartite 3-graphs. 

5.1 Applying the graph blow-up lemma 

In this subsection we sketch a proof of the following result of Kuhn and Osthus. First we give some 
definitions. For any graph F, an F -packing is a collection of vertex-disjoint copies of F . We say that 
a graph G is (a ± b)-regular if the degree of every vertex in G lies between a — b and a + b. 
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Theorem 5.1. For any bipartite graph F with different part sizes and < c < 1 there is a real e > 
and positive integers C, no such that any (1 ± e)cn-regular graph G on n > n$ vertices contains an 
F-packing covering all but at most C vertices. 

Note that the assumption that F has different part sizes is essential. For example, if F = C4 is 
a 4-cycle and G is a complete bipartite graph with parts of size (1 + e)n/2 and (1 — e)n/2 then any 
F-packing leaves at least en vertices uncovered. Also, we cannot expect to cover all vertices even 
when the number / of vertices of F divides n, as G may be disconnected and have a component in 
which the number of vertices is not divisible by /. 

Without loss of generality we can assume F is a complete bipartite graph K r ^ s for some r ^ s. It 
is convenient to assume that G is bipartite, having parts A and B of sizes n/2. This can be achieved 
by choosing A and B randomly: if G is (1 ± e)cn-regular then with high probability the induced 
bipartite graph is (l±2e)cn/2-regular. Then we refine the partition (A, B) using the following 'degree 
form' of Szemeredi's Regularity Lemma. 

Lemma 5.2. Suppose < 1/T <C e <C d < 1 and G = (A,B) is a bipartite graph with \A\ = \B\ = 
n/2. Then there are partitions A = Aq U Ai U • • • U At and B = Bq U B\ U • • • U Bt for some t < T 
such that \Ai\ = \Bi\ = m for 1 < i < t for some m and \AqU Bq\ < en, and a spanning subgraph G' 
of G such that dc (x) > dc(x) — (d + e)n for every vertex x and every pair (Ai, Bj) with 1 < i, j < k 
induces a bipartite subgraph of G' that is either empty or e-regular of density at least d. 



Lemma 5.2 can be easily derived from the usual statement of Szemeredi's Regularity Lemma (see 
e.g. |33} Lemma 41] for a non-bipartite version). We refer to the parts A\ and Bi with 1 < i < t as 
clusters and the parts Aq and Bq as exceptional sets. We write (Ai, Bj)Qi for the bipartite subgraph of 
G' induced by Ai and Bj . There is a naturally associated reduced graph, in which vertices correspond 
to clusters and edges to dense regular pairs: R is a weighted bipartite graph on ([£], [t]) with an edge 
of weight dij whenever (Ai, Bj)c> is e-regular of density dij > d. We choose the parameter d to 
satisfy e <C d -C c. 

The next step of the proof is to select a nearly-perfect matching in R, using the defect form of 
Hall's matching theorem. Using the fact that G is (1 ± e)cn-regular one can show that for any / C [t] 
we have \N R (I)\ > (1 - 2(d + 2e)/c)\I\ > (1 - V~d)\I\ (say) so R has a matching of size (1 - V~d)t. 
The details are given in Lemma 11 of |31j . 

Now it is straightforward to find an F-packing covering all but at most 3^/dn vertices. For each 
edge of the matching in R we greedily remove copies of K r ^ s while possible, alternating which 
of Ai and Bj contains the part of size s to maintain parts of roughly equal size. While we still have 
at least em vertices remaining in each of Ai and Bj, the definition of e-regularity implies that the 
remaining subgraph (Ai,Bj)c' has density at least d — e. Then the K6vari-S6s-Turan theorem |29j 
implies that we can choose the next copy of K r s . We can estimate the number of uncovered vertices 
by 2Vdt ■ m < 2Vd n in clusters not covered by the matching, 2t ■ em < 2en in clusters covered by 
the matching, and en in U Bq, so at most 3y/dn vertices are uncovered. 

However, we want to prove the stronger result that there is an F-packing covering all but at most 
Cn vertices. To do this we first move a small number of vertices from each cluster to the exceptional 
sets so as to make the matching pairs super-regular. This is a standard property of graph regularity; 
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we include the short proof of the next lemma for comparison with the analogous statement later for 
hypergraphs. 

Lemma 5.3. Suppose G = (A,B) is an e-regular bipartite graph of density d with \A\ = \B\ = m. 
Then there are i*Ci and B* C B with \A*\ = \B*\ = (1 — e)m such that the restriction G* of G 
to (A*,B*) is (2e,d) -super-regular. 

Proof. Let Aq = {x G A : d(x) < (d — e)m}. Then \Aq\ < em, otherwise (Aq,B) would contradict 
the definition of e-regularity for (A,B). Similarly Bq = {x G B : d(x) < (d — e)m} has \Bq\ < em. 
Let A* be obtained from A by deleting a set of size em containing Aq. Define B* similarly. Then 
\A*\ = \B*\ = (1 - e)m. For any A 1 C A*, B' C B* with \A'\ > 2e\A*\, \B'\ > 2e\B*\ we have 
\A'\ > em, \B'\ > 2em, so (A',B')g has density d ± e by e-regularity of G. Thus G* is 2e-regular. 
Also, for any vertex x of G* we have dc*(x) > dc{x) — em > (d — e)m — em > (d — 2e)(l — e)m, so 
G* is (2e, (i)-super-regular. □ 

We make the matching pairs (e, 2d)-super-regular and move all discarded vertices and unmatched 
clusters into the exceptional sets. For convenient notation, we redefine Ai, ■ ■ ■ , A t i and B±, ■ ■ ■ , B#, 
where t' = (1 — Vd)t, to be the parts of the super-regular matched pairs, and Aq, Bq to be the new 
exceptional sets. Thus \Ai\ = \Bi\ = (1 — e)m for 1 < i < t' and \Aq U Bq\ < en + 2t'em + 2\fdtm < 
3\/dn. 

We will select vertex-disjoint copies of K r ^ s to cover Aq U Bq. We want to do this in such a way 
that the matching pairs remain super-regular (with slightly weaker parameters) and the uncovered 
parts of the clusters all have roughly equal sizes. Then we will be able to apply the graph blow-up 
lemma (Theorem |2.1[) to pack the remaining vertices in each matching pair almost perfectly with 



copies of K T)S . (We assumed |V^| = \Xi\ = n in Theorem 2.1 for simplicity, but it is easy to replace 
this assumption by n < \Vi\ = \Xi\ < 2n, say.) The sizes of the uncovered parts in a pair may not 
permit a perfect if rjS -packing, but it is easy to see that one can cover all but at most r + s vertices 
in each pair. Taking C = T(r + s) we will thus cover all but at most C vertices. 

It remains to show how to cover Aq U -Bo with vertex-disjoint copies of K r ^ s . First we set aside 
some vertices that we will not use so as to preserve the super-regularity of the matching pairs. For 
each matching pair (i,j) we randomly partition Ai as A\ U A" and Bj as B'- U B" . We will only use 
vertices from A' = ^>%A\ and B' = ^jB'- when covering Aq U Bq. By Chernoff bounds, with high 
probability these partitions have the following properties: 

1. all parts A\, A'(, B' p B'J have sizes (1 - e)m/2 ± m 2 / 3 . 

2. every vertex x has at least d(x)/2 — A^/dn neighbours in A' U B' . 

3. whenever a vertex x has K > em neighbours in a cluster Ai it has K/2 ± m 2 / 3 neighbours in 
each of A\, A'-; a similar statement holds for clusters Bj. 

4. each of Nq/(x) n B" and Nqi(u) n A'/ have size at least dm/2 — m 2 / 3 for every matching edge 
(i,j) and x G Ai, y G Bj. 

Now we cover Aq U Bq by the following greedy procedure. Suppose we are about to cover a vertex 
x G Aq U Bq, say x £ Aq. We consider a cluster to be heavy if we have covered more than d 1 / 4 m 
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of its vertices. Since \Aq U Bq\ < 3Vdn we have covered at most 3(r + s)y/dn vertices by copies 
of K r>s , so there are at most 4(r + s)d 1//4 t heavy clusters. Since G is (1 ± e)cn-regular, x has at 
least cn/3 neighbours in B' by property 2. At most 4(r + s)cf 1//4 n of these neighbours lie in heavy 
clusters and at most cn/4 of them lie in clusters Bj where x has at most cm/4 neighbours. Thus we 
can choose a matching pair such that x has at least cm/4 neighbours in Bj, so at least cm/10 
neighbours in Bj by property 3. Since (Ai,Bj) is 2e-regular, (A\,N(x) fl -B^) has density at least 
d/2, so by K6vari-S6s-Turan we can choose a copy of -fT r _i ;S with r — 1 vertices in A'- and s vertices 
in N(x) n -B^. Adding x we obtain a copy of K rs covering x. 

Thus we can cover Aq U Bq, only using vertices from A' U B' , and by avoiding heavy clusters we 
never cover more than d l l 4: m + max{r, s} vertices in any cluster. For each matching edge the 
uncovered part of {Ai,Bj)c' 1S 3e-regular, and has minimum degree at least dm/3 by property 4. 
Thus it is super-regular, and as described above we can complete the proof via the blow-up lemma. 



5.2 The regular approximation lemma and dense counting lemma 

In order to apply regularity methods to 3-graphs we need a result analogous to the Szemeredi 
Regularity Lemma, decomposing an arbitrary 3-graph into a bounded number of 3-complexes, most 
of which are regular. This was achieved by Frankl and Rodl [9], but as we mentioned in Section [3j in 
this sparse setting the parameters are not suitable for our blow-up lemma. We will instead use the 
regular approximation lemma, which provides a dense setting for an approximation of the original 
3-graph. For 3-graphs this result is due to Nagle, Rodl and Schacht [37] and in general to Rodl and 
Schacht [H]. A similar result was proved by Tao [45J. For simplicity we will just discuss the lemma 
for 3-graphs, although the statement for fc-graphs is very similar. Note also that we will formulate 
the results using the notation established in this paper. We start with a general definition. 

Definition 5.4. Suppose that V = V\ U • • • U V r is an r-partite set. A partition fc-system PonVis 
a collection of partitions Pa of K(V)a f or every A £ (<].)■ We say that P is a partition A;-complex 
if every two sets S, S' in the same cell of Pa are strongly equivalent, defined as in [13] to mean that 
Sb and S' B belong to the same cell of Pb for every B C A. Given S G K(V) we write C$ for the 
cell in Pa containing S. We write Cs = C$ when there is no danger of ambiguity. For any S' C S 
we write Cs 1 < Cs and say that Cs< lies under or is consistent with Cs- We define the cell complex 
C s < = Us'csCs 1 - 

We can use a partition 2-complex to decompose a 3-graph as follows. 

Definition 5.5. Suppose G is an r-partite 3-graph on V and P is a partition 2-complex on V . We 
define G[P] to be the coarsest partition 3-complex refining P and the partitions {Gs,K(V)s \ Gs} 
for S EG. 



We make a few remarks here to explain the structures defined in Definitions 5.4 and 5.5 The 
partition 2-complex P has vertex partitions and graph partitions. The vertex partitions Pi are of 
the form Vi = U • • • U V" - ' for some a,, for 1 < i < r. The graph partitions P« are of the form 
K(V)ij = jlj U • • • U J^- 3 for some aij, for 1 < i < j < r. By strong equivalence, any bipartite graph 
is spanned by some pair iV^\ Vj 3 )'- it cannot cut across several such pairs. We also say that 
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and vf J lie under or are consistent with . A choice of % < j < k, singleton parts V„ bl , K- 3 , V, fefc 

and graph parts , J^ k , J h ik such that the singleton parts are consistent with the graph parts is 
called a triad. (This terminology is used by Rodl et al.) If we consider the set of triangles in a triad, 
then we obtain a partition of the r-partite triples of V as we range over all triads. Another way to 
describe this is to say as in [13] that S,S' are weakly equivalent when Sb,S' b are in the same cell 
of Pb for every strict subset B C A. Let P\ denote the partition of K(V)a into weak equivalence 
classes. Then P*- k is the partition of K(V)ijk by triads as described above. The partition 3-complex 
G[P] has two cells for each triad: for each cell C of P*- k we have cells Gijk D C and (K(V) \ G)ijk D C 
of G[P]ijk- For embeddings in G only the cells G^ n C are of interest, but we include both for 
symmetry in the definition. We make the following further definitions. 

Definition 5.6. Suppose P is a partition k-complex. We say that P is equitable if for every k! < k 
the k' -cells all have equal size, i.e. \T\ = \T'\ for every T 6 Pa, T' 6 Pj\i, A, A' 6 (£/)• We sa D that 
P is a-bounded if \Pa\ < a for every A. We say that P is e-regular if every cell complex C s < is 
e-regular. We say that r-partite 3-graphs G° and G on V are i/-close if \G a AGa\ < v\K(V)a\ for 
every A G (3)- Here A denotes symmetric difference. 

The following is a slightly modified version of the Regular Approximation Lemma [41} Theorem 
14jj2j The reader should note the key point of the constant hierarchy: although the closeness of 
approximation v may be quite large (it will satisfy d<i -C v <C ds), the regularity parameter e will be 
much smaller. 

Theorem 5.7. (Rodl-Schacht f^i[ /j Suppose integers n,a,r and reals e,v satisfy < 1/n e 
1/a <^ v,l/r and that G° is an r-partite 3-graph on an equitable r-partite set of n vertices V = 
V\ U • • ■ U V r , where a\\n. Then there is an a-bounded equitable r-partite partition 1-complex PonV 
and an r-partite 3-graph G on V that is v-close to G° such that G[P] is e-regular. 

As we mentioned earlier, e-regular 3-complexes are useful because of a counting lemma that 
allows one to estimate the number of copies of any fixed complex J, using a suitable product of 
densities. First we state a counting lemma for tetrahedra, analogous to the triangle counting lemma 
in [Tj Suppose < e ^ d, 7 and G is an e-regular 4-partite 3-complex on V = Vi U • • • U V4 with all 
relative densities ds(G) > d. Then Gf^ is the set of tetrahedra in G. We have the estimate 

This follows from a result of Kohayakawa, Rodl and Skokan [22, Theorem 6.5]: they proved a counting 
lemma for cliques in regular ^-complexes. 

More generally, suppose J is an r-partite 3-complex on Y = Y\ U • • • U Y r and G is an r-partite 
3-complex on V = V\ U • • • U V r . We let <&(Y, V) denote the set of all r-partite maps from Y to V: 

2 The differences are: (i) we are starting with an initial partition of V, so technically we are using a simplified form 
of [411 Lemma 25], (ii) a weaker definition of 'equitable' is given in [41] . that the singleton cells have equal sizes, but 
in fact they prove their result with the definition used here, and (iii) we omit the parameter r\ in our statement, as by 
increasing r we can ensure that all but at most r\v? edges are r-partite. 
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these are maps <j) : Y — > V such that 4>(Yi) C Vi for each i. We say that is a homomorphism if 
<t>(J) ^ G. For I C [r] we let Gj : K{V)i — > {0, 1} also denote the characteristic function of Gj, i.e. 
Gi(S) is 1 if S G G/ and otherwise. The following general dense counting lemma from [42J gives 
an estimate for partite homomorphism density dj{G) of J in G, by which we mean the probability 
that a random r-partite map from Y to V is a homomorphism from J to C We use the language 
of homomorphisms for convenient notation, but note that we can apply the same estimate to the 
density of embedded copies of J in G, as most maps are injective. 

Theorem 5.8. (Rodl-Schacht fj^j , see Theorem isj^ Suppose < e <^ d, 7, 1/r, 1/j, that J and G 
are r-partite 3-complexes with vertex sets Y = Y\ U • • • U Y r and V = Vi U • • • U V r respectively, that 
\J\ = j , and G is e-regular with all densities ds(G) > d. Then 



dj(G) = IE</, e $(Y,y) 



5.3 Obtaining super-regularity 



n g A (<ka)) 



(i± 7 )n^(G). 



AG J 



Suppose that we want to embed some bounded degree 3-graph H in another 3-graph G° on a set V 
of n vertices, where n is large. We fix constants with hierarchy < 1/n < e < 1/a < 1/r < 1. 
We delete at most a! vertices so that the number remaining is divisible by a!, take an equitable 



r-partition V = V\ U • • • U V r , and apply Theorem 5.7 to obtain an a-bounded equitable r-partite 
partition 2-complex P on V and an r-partite 3-graph GonV that is z^-close to G° such that G[P] is 
e-regular. Since G is so regular, our strategy for embedding H in G° will be to think about embedding 
it in G, subject to the rule that the edges M = G\G° are marked as 'forbidden'. Recall that we refer 



to the pair (G, M) as a marked complex. To apply the 3-graph blow-up lemma (Theorem 4.1) we 



need the following analogue of Lemma 5.3, showing that we can enforce super-regularity by deleting 
a small number of vertices. 

Lemma 5.9. Suppose that 0<eo<^e<^e'<^d2<^0<^ ds,l/ r , and (G,M) is a marked r- 
partite 3-complex on V = V\ U • • • U V r such that when defined Gs is e^-regular, \M$\ < #|Gs| and 
ds(G) > c?|5| if \S\ = 2,3. Then we can delete at most 26 1 ^\G.- l \ vertices from each Gi, 1 < i < r to 
obtain an (e, e', d^jl-, 2y/9, d%/ 2) -super-regular marked complex (G",M"). 

Proof. The idea is to delete vertices which cause failure of the regularity, density or marking 



conditions in Definition 3.16 (super-regularity). However, some care must be taken to ensure that 
this process terminates. There are three steps in the proof: firstly, we identify sets Yi of vertices 
in Gi that cause the conditions on marked edges to fail; secondly, we identify sets Z\ of vertices in 
Gi that either cause the regularity and density conditions to fail or have atypical neighbourhood in 
some Yj\ thirdly, we delete the sets Yi and Zi and show that what remains is a super-regular pair. 

Step 1. Fix 1 < % < r. We will identify a set Yi of vertices in Gi that are bad with respect to 
the conditions on marked edges in the definition of super-regularity. For any j, k such that G^ is 

3 We have rephrased their statement and slightly generalised it by allowing the sets Yi to have more than one 
vertex: this version can easily be deduced from the case |Yi| = 1, l<i<r by defining an auxiliary complex with the 
appropriate number of copies of each Vi (see [1]). 
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defined we let Yijk be the set of vertices v G Gj for which \M(v)jk\ > VB\G(v)jk\- For any triple S 
such that Gs is defined and subcomplex / of S- such that Gs'i is defined for all S' G I we let y/ 5 
be the set of vertices v G Gi for which |(M n G Iv )s\ > \/6\G I g\. Let Yj be the union of all such sets 
Y iJk and Y? s . We will show that \Y,\ < O^d]. 

First we bound the sets Yij k . Let Zj^fc be the set of vertices v £ Gi such that we do not 
have \G(v) jk \ = (1 ± e)|Gj jfc |/|G 4 | and is e-regular with ds(G(v)) = (1 ± e)ds(G)d g j(G) for 



7^ <5 C j/c. Since Gjjj. is eo-regular we have \Zij k \ < e\Gi\ by Lemma 4.12 and Lemma 



4.6 



Therefore E, e y ljfc \M(v) jk \ > V0E ve Y iJk \z iJh \G(v) jk \ > V0(\Y iJk \ - e|Gj|)(l - e)\G ijk \/\Gi\. We 
also have an upper bound YlveY ijk \^( v )jk\ < l-^%ifc| < 0|Gyfc| by the hypotheses of the lemma. 
This gives \Yijk\l\Gi\ < y/0/{\ - e) + e < 2^. 

Now we bound y/ s . Define Z^s to equal Zij k if S = ijk or Zj >a ft U U Zj >ac ii i ^ S = abc. 
li v £ Gi\ Zi^s then by regular restriction G^"< is -^/e-regular and d$'(G Iv ) is (1 ± e)ds'{G)ds'i(G) 



if ^ S" € I or (1 ± y/e)d S '(G) otherwise. By Lemma 4.10 we have d(G s ) = (1 ± 8e) Us'cs d S'(G) 
and d(6#) = (1 ±8^-e)ils>cs d s>(G Iv ) = (1 ± 20 Je)d(G s ) U^S'el d S'i(G)- 
Write S = E^ e y/ S |(Af n G 7t -) s |. Then 



£>V# ^ |G^| >^(|y i / 5 |-3e|G,|)(l-20Ve)|G 5 | J] d S'i(G). 

For any P G Gs, let Gp,j be the set of v G Gj such that Pg'V G Gg/j for all 7^ S" G P Let P/ be 
the set of P G Gs such that we do not have |Gjy | = (1± e')|Gj| Ho^s's/ d S'i{G)- Then \Bj\ < e'\Gs\ 



by Lemma 4.11. Now £ < Y^ved \( M n ^OsIj w bich counts all pairs (v,P) with P G M5 and 
w G G P j, so 

£< |M 5 |(1 + e')|Gj| II d S'i(G) + e'\G s \\G l \. 

Combining this with the lower bound on £ we obtain 

V6(\Yi s \/\G l \-3e)(l-20^)< l -^\(l + e') + e> ]J d^G)' 1 . 

Wei 

Since \M S \ < 9\G S \ and e' < d 2 we deduce that |Fjj fe |/|Gj| < 2\/0. 

In total we deduce that \Yi\/\Gi\ < (( r ~ 1 ) + 2 8 Q) 2^0 < 9 1 / 3 . 

Step 2. Next we come to the regularity and density conditions. Recall that G(v) is e-regular with 
ds(G(v)) = (1 ± e)ds(G)dsi(G) for 7^ S C jA; when f G' Zjjfc, where \Zij k \ < e|G,|. Now suppose 
Gjj is defined and let be the set of u G Gj such that \G(v)j C\Yj\ ^= dij(G)\Yj\ ± e\Gj\. We claim 
that -| < 2e|Gj|. To prove this, we can assume that \Yj\ > e|Gj|, otherwise Z\ • is empty. Since 
Gjj is eo-regular, Gjj[Yj] is e-regular by Lemma 2.3 Then the bound on Z[j follows from Lemma 



2.2 



Let Zi be the union of all the sets Z^ k and Z[ ■. Then |Zj|/|Gj| < ( 2 )e + 2(r — l)2e < y/e, say. 

Step 3. Now we show that deleting Yi UZi from Gj for every 1 < i < r gives an (e, e', c?2/2, 2y/9, d%/2)- 
super-regular marked complex (G",M"). To see this, note first that the above upper bounds on lj 
and Zi show that we have deleted at most 2# 1 / 3 -proportion of each Gj. Since G is eo-regular with 
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ds(G) > d\s\ if \S\ = 2,3, regular restriction implies that G* is e-regular with ds(G^) = (1 ±e)ds(G) 
if \S\ = 2, 3 and > (1 - 2^ 1 /3) d .( G ) f or i < i < r . This gives property (i) of super-regularity. 

Now suppose Gij is defined and u G G?. Then = (1 db e)dij(G)\Gj\ and \G(v)j DYj\ = 

dij{G)\Yj\ ± e|Gj| since t> ^ Z^-. Since G - = Gj \ (Yj U Zj) and < ^/e|Gj| we have 

\G*(v)j\ = \G(v) 3 \ U Zj)\ = \G(v)j\ - <kj{G)\Yj\ ± 2 x /e|G i | = (1 db 6')^(G«)|G;.|. 

Next suppose that Gjjfc is defined and v G G?. Then djk(G(v)) = (1 ± e)djk(G)dijk(G) and G(v)jk 
is e-regular, so djfc(G"(v)) = (1 db e')djk(G^)dijk{G^) and G™(u)jjfc is e'-regular by regular restriction. 
Also, since t> ^ Y^fc we have < v0|G(u) 3 -fc|. Since 

iCCwJjfcl = ^ fe (G«(«))|G«( V ),||G«(t;) fc | > (1 - 0(1 " 2^ 1/3 ) 2 (i J fc(G(«))|G( W ) J ||G( V ) fc | > \\G(v) 3k \ 

we have |M"(v)jjfc| < \M(v)j^\ < 2v0|G*(v)|. This gives property (ii) of super-regularity. 

Finally, consider any triple S such that Gs is defined and subcomplex I of 5- such that Gsh 
is defined for all S' G J. Since v £ Z iiS , G^< is ^/e-regular and d s >(G Iv ) is (1 ± e)d s ,(G)ds>i(G) if 
^ 5' G I or (1 db y/e)d S '(G) otherwise. For j G 5, we have d 3 (G^) = d,-(G*) > (1 - 2# 1 /3) (ij ( G ) 
if j £ / or dj(G' iIv ) = dj(G*(v)) = (1 db e')dy (G%(G») > ^j(G) if j G /. Then by regular 
restriction, for \S'\ > 2 with 5' C S, G^ u is e'-regular with d S '(G 91 -) = (1 db e 1 / 4 )(i S /(G / -) equal to 
(1 ± e')ds'(G»)c^(GS) if / 5' G I or (1 ± e')d s ,(G*) otherwise. Also, by Lemma 



4.10 



we have 



JGfl = d(Gp_ = yr djAG^) _ 1/8 3 

|G^| d(G$-) 5'c5 ds '( G ) 

Since u ^ we have |(M n G J ") S | < V0\G^\, so |(M* n G^) s \ < 2y/d\G i ! j v \. This gives property 
(iii) of super-regularity, so the proof is complete. □ 

Remark 5.10. For some applications it may be important to preserve exact equality of the part 
sizes, i.e. start with |Gj| = n for 1 < i < r and delete exactly 2# 1//3 n vertices from each Gj to 
obtain super-regularity. This can be achieved by deleting the sets Y^ and Zi of Lemma |5.9[ together 
with some randomly chosen additional vertices to equalise the numbers. With high probability these 
additional vertices intersect all vertex neighbourhoods in approximately the correct proportion, and 
then the same proof shows that the resulting marked complex is super-regular. We omit the details. 

For applications it is also useful to know that super-regularity is preserved when one restricts to 
subsets that are both large and have large intersection with every vertex neighbourhood. 

Lemma 5.11. (Super-regular restriction) Suppose < e <C e' <C e" <C efe <C <C cfe, d! and 
(G, M) is a (e, e', d 2 , 9, d%) -super-regular marked r-partite 3-complex onV = V\U---UV r with Gi = V% 
forl<i<r. Suppose also that we have V- C Vi for 1 <i <r, write V' = V{ U • • • U V'., G' = G[V], 
M' = M[V], and that \V?\ > d'\Vi\ and \G(v)i n V(\ > d'\G(v)i\ whenever 1 < i,j <r,v€ V- and 
Gi 3 is defined. Then (G',M') is (e', e", d 2 /2, Vd, d 3 /2) -super-regular. 

Proof. The argument is similar to Step 3 of the previous lemma. Suppose \S\ =3, Gs is defined, 
i G S, v G Gi. By Definition 3.16}) for (G, M), G s < is e-regular with d$'(G) > d\ S '\ for S' C S, 
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I S' I = 2,3. By assumption we have dj(G') > d'dj(G) for j G S, so regular restriction implies that 



G' 5 < is e'-regular with ds'(G') > d\gi\/2 for S" C 5*, \S'\ = 2,3. This gives Definition 3.161) for 



(G',M'). Similarly, by Definition 3.16 'ii) for (G,M), writing S = ijk, G(v)j k < is e'-regular with 
d s >(G(v)) = (1 ± e')d S '(G)d S 'i(G) for ^ S' C jjfc and |M(«) ifc | < 0|G(u) ifc |. By assumption we 
have dj(G'(v)) > d'dj(G(v)) and d k (G'(v)) > d'd k (G(v)), so regular restriction implies that G'(v)j k < 
is e"-regular with d s ,(G'{v)) = (1 ± e'O^'C^O^'^G") for ^ S' C jjfe. Also |G / (v) ifc |/|G(^) i fc| = 
d[G'{v) jk )/d(G{v) jh ) > (d') 2 /2so\M'(v) jk \/\G'(v) jk \ < 26/(d') 2 < y/d. This gives Definition |3.ie|[ii) 
for (G',M'). 

Finally, consider any triple S such that Gs is defined and subcomplex I of S- such that G^ 
is defined for all S' G I. By Definition |3~T6|iii) for (G,M), |(Mn G 7 *) s | < 0|G£|, G^< is e'- 



regular and ds'(G l ") is (1 ± £?)d S '(G)d s >i(G) if ^ 5' € J or (1 ± e')d S '(G) otherwise. By as- 
sumption dj(G' h ) is dj(G') > d'dj{G) ii j £ I or dj(G'(v)) > d'dj{G{v)) if j G /. Then by 
regular restriction, for |S'| > 2 with S' C 5, G'i", is e"-regular with d s >{G' Iv ) = (1 ± \fe!)ds>(G Iv ) 



equal to (1 ± e')d S i{G')ds'i{G') if ^ 5' G J or (1 ± e")d S '{G') otherwise. Also, by Lemma [410 
we have |G'£|/|G£| = d(G'%)/d(G%) = (1 ± 10eQ f^ cs ds^ G'^/d^jG 1 -) > d' 3 /2. Therefore 
|(M n G /J ")s|/|G'^| < 2#/d' 3 < v^. This gives DefinitionlSjfriii) for (G, M'). □ 



Now we will present a 'black box' reformulation that goes straight from regularity to embedding, 
bypassing super-regularity and the blow-up lemma. This more accessible form of our results will be 
more convenient for future applications of the method. First we give a definition. 

Definition 5.12. (Robustly universal) Suppose J is an r-partite 3-complex on Y = Y\ U • • ■ U Y r 

with Ji = Yi for 1 < i < r. We say that J is c'-robustly .D-universal if whenever 

(i) Y( C Yi with \Y{\ > (*\Yi\ such that Y' = U r i=1 Y{, J' = J[Y'} satisfy \J' s (v)\ > c$\J s (v)\ 
whenever \S\ = 3, Js is defined, i G S, v G J[, 

(ii) H' is an r-partite 3-complex on X' = X[ U • • • U X' r of maximum degree at most D with 
\X' t \ = \Y?\ forl<i<r, 

then J' contains a copy of H' , in which vertices of ' X[ correspond to vertices ofY[ for 1 < i < r. 

Now we show that one can delete a small number of vertices from a regular complex with a small 
number of marked triples to obtain a robustly universal pair. 

Theorem 5.13. Suppose < l/n •Ce<Cd tt <d 2 <0< d 3 ,c$,l/D,l/C, that G is an e- 
regular r-partite 3-complex on V = V\ U • • • U V r with ds(G) > d\g\ for \S\ = 2, 3 when defined and 
n < |Gj| = \Vi\ < Cn for 1 < % < r, and M C G= with \M$\ < 0|Gs| when defined. Then we can 
delete at most 2# 1 / 3 |Gj| vertices from G{ for 1 < i < r to obtain G" and so that 

(i) d{G s ) > d$ and \G s (v)\ > |G^|/2|Gi| whenever \S\ = 3, G s is defined, ieS,veGi, and 

(ii) G" \ M" is c? -robustly D -universal. 



Proof. Define additional constants with e <C ei <C e 2 <C £3 <C dK Applying Lemma 5.9, we can delete 



at most 20 1 / 3 \Gi\ vertices from each Gj to obtain an (ei, e 2 , (^2/2, 2\/0, c?3/2)-super-regular marked 



65 



complex (G", AT*) on some V$ = Vf U • • • U V} . We will show that J = G fl \ is (c fl , d tt )-robustly D- 
univ ersal. To see this suppose \S\ = 3, G5 is defined, i E S, v S G'j. By Definition 3.16[ i) and Lemma 
we have d{Cfi s ) = (1 ± 8ei) Us'cs d s>{G$) > (1 - 8ei)(l - 26 1 / 3 ) 3 (d 2 /2) 3 (d 3 /2) > $. Writing 
ijife, by Definition |3.16fii) we have d{Cfi s (v)) = d jh (Gt(v))dj(Gfl(v))d k (G&(v)) 



4.10 



|G» 



e 2 )^(G«)^(G«) so |G?||G* s (x; 

suppose that V- C V^" and ff' are given as in Definition |5.12 
(e 2 , £3, ^2/4, 26> 1//4 , ds/4)-super- regular by Lemma 5.11 App 



a copy of .ff 7 , in which vertices of X- correspond to vertices of V- for 1 < % < r. 



l±8ei)/(l±e 2 ) 3 > 1/2. Now 
applied to J. The n {G*[V% M$[V']) is 
J' = J[V] contains 

□ 



ying Theorem 



4.1 



5.4 Applying the 3-graph blow-up lemma 

In this subsection we illustrate the 3-graph blow-up lemma by proving the following generalisation 
of Theorem 5.1 to packings of tripartite 3-graphs. 

Theorem 5.14. For any 3-partite 3-graph F in which not all part sizes are equal and < c%, c 2 < 1 
there is a real e > and positive integers C, uq such that if G is a 3-graph on n > no vertices V 
such that every vertex v has degree \G(v)\ = (1 ± e)c\n 2 and every pair of vertices u,v has degree 
\G(uv)\ > c 2 n then G contains an F -packing that covers all but at most C vertices. 

We start by recording some auxiliary results that will be used in the proof. First we need a result 
of Erdos on the number of copies of a fc-partite /c-graph. 

Theorem 5.15. (Erdos f^j) For any a > and k-partite k-graph F on f vertices there is b > so 
that if H is a k-graph on n vertices with at least an k edges then H contains at least bri* copies of F. 

Next we need Azuma's inequality on martingale deviations. 

Theorem 5.16. (Azuma ^) Suppose Zq, ■ ■ ■ , Z n is a martingale, i.e. a sequence of random variables 
satisfying E(Zj + i|Zo, • • • , Zi) = Z{, and that \Zi — Zi_\\ < Cj, 1 < i < n, for some constants Ci. Then 
for any t > 0, 

P(\Z n - Z \ > t) < 2exp 



t 2 



We also need the following theorem of Kahn, which is a linear programming generalisation of a 
theorem of Pippenger on matchings in regular hypergraphs with small codegrees. (A matching is a set 
of vertex-disjoint edges.) Suppose H is a /c-graph and t : E{H) — > M + . Write t(H) = Y2a£E(h) *(-^) 
and t'(S) = ^2a&e(h) scAt(A) for S C V(H). Let co(t) = max^^vtHj-j t'(S). Say that t is a 
fractional matching if t'{x) = Y^AeE(H)-xeA^i^) — 1 f° r ever y x £ V(H). 

Theorem 5.17. (Kahn For any e > there is 5 > so that if H is a k-graph on n vertices 
and t is a fractional matching of H with co(t) < 5 then H has a matching of size at least t(H) — en. 



Now we will prove Theorem 5.14 We may suppose that F is complete 3-partite, say F = K(Y)\ 23 
on Y = Y\ U Y 2 U I3. We introduce parameters with the hierarchy 

<C l/n < e < e' < e" « d tt < d 2 < l/a < v < 1/r < d 3 < 6 < 7 < /3 < a < ci,c 2 , 1/|F|. 
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We delete at most a! vertices of G so that the number remaining is divisible by a!, take an equitable 



r-partition V = V\ U ••• U V r , and apply Theorem |5.7| to obtain an a-bounded equitable r-partite 
partition 2-complex P on V and an r-partite 3-graph G on V that is i^-close to G such that G'[P] 
is e-regular. Since P is a-bounded, for every graph Jij G Pij with 1 < i < j < r, the densities d(Ji), 
d(Jj) and d(Jij) are all at least 1/a. We refer to singleton parts in P as clusters. Let n\ be the size 
of each cluster. By means of an initial partition we may also assume that n\ < un. Let M = G' \ G 
be the edges marked as 'forbidden'. 

Next we define the reduced 3-graph R, a weighted 3-graph in which vertices correspond to clusters 
and triples correspond to cells of Q [P] that are useful for embedding, in that they have large density 
and few marked edges. Let Z = Z\ U • • • U Z r be an r-partite set with \Zi\ = a\ := \Pi\ for 1 < i < r, 
where a\ < a and n — a! < rniai < n. We identify Z{ with [a{\, although it is to be understood that 
Zi and Zj are disjoint for i / j, and label the cells of Pi as C^i, • • • , C^ ai . We identity an r-partite 
triple S G K(Z) with S' = U ieS Ci^, where S t = S Pi Zi. Write N = n 2 n x and K(S') = K{V)[S'\. 
We say that S is an edge of R with weight w{S) = \G'[S'] S \/N if \G'[S'] S \ > d 3 \K(S') s \ and 
\M[S'}s\ < V^\K(S') S \. 

We define the weighted degree d w (j) of a vertex j in R to be the sum of w(S) over all j G S G R. 
We will delete a small number of vertices from R to obtain a 3-graph R' that is almost regular with 
respect to weighted degrees. For any i G A G (^) and j G Zi we define 

B{ A = {S:jGSe |M[S'] S | > ^\K(S') S \} and Z M = {j G Z { : > u^aj}. 

Then 



i m ^i = E E i M ^]i> E E v^i^(s')5i>i^i^ 1/4 a?-^ 



je^i S:jeS(EK{Z) A i^ Z i,AS&B j iA 



Since G" is z^-close to G (see Definition 5.6) we have \Ma\ < v\K(V)a\ < i^(ra/r) 3 , so {Z^a] < 
i/ 1 / 4 (n/rni) 3 / 'a\ < 2u l / 4 a\. Let Z' = Z[ U • • • U Z' r be obtained by deleting all sets Z^a from Z and 
let R' = R[Z'). Since v < 1/r we have \Z[\ > (1 - i/ 1 / 5 )^ for 1 < » < r. 

Now we estimate the weighted degrees d' w (j) in R' . Suppose j G Z'. We have d' w (j) = 
N^ 1 Yls-jeSeR \G'[S']s\- There are at most a\ triples S G K(V) containing j, so at most d 3 afnf < 
d 3 iV triples in G'[S']s for such S with |G"[5"],s| < d^\K(S')s\- There are at most z// 5 a 2 triples 
S ^ Z' with j G S G K(V), so at most v 1 ^N triples in G'[S']s for such S. Since j G Z' we have 
l-B^ ^| < v x l^a\, so there are at most v l ^N triples in G'[S']s for triples S with j G S G ^(T^) and 



|M[S"]s| > y / ^|i ; r(S")s|. Finally, there are at most r(n/r) n\ = N/r triples that are not r-partite. 

2' 



Altogether, at most §d 3 iV triples contributing to d' w (j) do not belong to G'[S']s with j G S G R. 



Since |G(t>)| = (1 ± e)c\n for all v G G and e ^ 1/a ^ ^ ^ 1/r <C d 3 we have 

<4(j) = N- 1 \G'[S']s\ = N- 1 ]T \G(v)\ ± 3d 3 /2 = c x ± 2d 3 . 

Define t : -> M 2 by = w(S)/(ci + 2d 3 ). Then = d' w (j)/( Cl + 2d 3 ) < 1 for j G iT, 

so t is a fractional matching. We have 

= E E *'^')/ 3 = E ^(i)/3(ci + 2d 3 ) > (1 - v^'IA 
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Also, the trivial bound w(S) < n\/N gives co{t) < njn\ ■ n\/{c\ + 2d 3 )N < n\jc\n < d%. Applying 



Theorem 



5.17 



there is a matching in R' of size at least \Z'\/3 — ^5\Z'\, i.e. at most \b\Z'\ vertices 
are not covered by the matching. 

We can use an edge S of the matching as follows. Consider the partition P s of K(V)s by weak 
equivalence, i.e. we have a cell of P s corresponding to each triad of consistent bipartite graphs 
indexed by S. The cells lying over S' = UjgsCj^ give a partition of K(S'), which we denote by 
C 5 ' 1 U ••• U C s,as . Since P is a-bounded we have as < a 3 - Furthermore, since P is equitable, 
the triangle counting lemma gives \C S ' l \ = (1 ± e')\C s ^\ for any 1 < i,j < as- Now at most 
2u 1 l A \K(S')s\ triples of G'[S'] S can lie in cells C s >' 1 with (MnC 5 '^ > ^ 1 / 4 |C' s '' i |; otherwise we would 
have at least (1 - e')2u 1 / 4 a s such cells, giving \M[S']\ > (1 - e')2v l ^a s ■ v 1/4 (l - e')\K(S') s \/a S > 
(1 - 3e')2y/u\K(S') s \, contradicting S G R. Since \G'[S']s\ > d 3 \K(S') s \ and v <C d 3 , more than 
±d 3 \K(S') s \ triples of G'[S'] S lie in cells C 3 * with \M n C s ^\ < u l / A \C s ^\, so we can choose such a 
cell C 3i with \G' n C s ' l \ > ^dslC^l. 

Fix such a cell C 5 ' 1 for each matching edge S and let G s be the associated cell complex of G' [P] , 
i.e. G§ = G' n C 5 '' and for 5" C 5, G|, is the cell of P s > underlying C s >\ Then G s is e-regular. 
Also, > ^dsIC 5 ' 1 !, so writing M 5 = M n G s we have |M 5 | < i/ 1 / 4 ^ 5 ' 4 ] < ^ 1/5 |Cf |- At this 
stage, if we were satisfied with an F-packing covering all but o(n) vertices, we could just repeatedly 
remove copies of F from each G s \ M 5 Q However, we want to cover all but at most C vertices, so 
we will apply the blow-up lemma, using the black box form in the previous subsection. By Lemma 
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we can delete at most 2z/ 1//15 rei vertices from each cluster so that each (G s , M s ) becomes a pair 
(G* s , Af' s ) such that J s = G is \ M$ s is 1/2-robustly |y| 2 -universal. 

Now we gather together all the removed vertices into an exceptional set Aq. This includes at 
most a! vertices removed at the start of the proof, at most z^ 1//5 n vertices in parts indexed by Z \ Z' , 
at most ^5n vertices in parts not covered by the matching, and at most 2v 1 / 15 n vertices deleted in 
making the pairs robustly universal. Therefore |^4o| < & n - For convenient notation we denote the 
clusters of G^ s by Ag t i, As,2, ^5,3- Thus Aq and ^5,1, As,2j ^5,3 for matching edges S partition the 
vertex set of G. To cover the vertices of Aq by copies of F we need the following claim. 

Claim. Any vertex v belongs to at least /3n' y ' _1 copies of F in G. 

Proof. Let $ be the set of all pairs (ab,T) such that ab G G(v) and T G (^j^i)- There are 

|G(v)| > (1 — e)cin 2 choices for ab, and for each ab the minimum degree property gives at least (jy-^Zi) 

choices for T. Therefore |$| > (1 - e)cm 2 (pgpl) ■ Let ^ be the set of all T G (^-1) such that there 

are at least ^cic^ 3 '" 3 n 2 pairs ab G G{v) with (ab,T) G <£>. Then |$| < |^|n 2 + (\ Y ^_i) ■ 5C1 c^'^n 2 , 
so 

For each T in since q <C ci,C2, Theorem 5.15 implies that the sets ab G G(v) with (ab,T) G $ 
span at least an^W 5 '' 2 ! copies of ifiy 1 My^|. Each of these gives a copy of F containing v when we 
add TUv. Summing over T in and dividing by |y|! (a crude estimate for overcounting) we obtain 
(since j3 <C a) at least /3nl y l _1 copies of F containing v. □ 



4 This could be achieved using the counting lemma to count copies of F in G s and the 'extension lemma' to bound 
the number of copies of F using an edge in M s . Alternatively one could start the proof with the 'regular decomposition 
lemma' instead of the regular approximation lemma, then find F using the sparse counting lemma. 
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Next we randomly partition each set Asj as A' s ■ U A' s •, each vertex being placed independently 
into either class with probability 1/2. The reason for this partition is that, as in the proof of Theorem 
5.1 we will be able to use the sets A' q when covering the vertices in Aq, whilst preserving the vertices 
in A' s ■ so as to maintain super-regularity. Theorem 5.16 gives the following properties with high 



probability: 

1. I^jl and \ A" S j\ are |Asj|/2 ± n 2 / 3 for every S and j, 

2. for every S and j and each vertex v G A$j, letting {Tjjj^j denote the singleton classes of 
G$ s (v), \A' SJ n Ti| and \A' SJ n T t \ are |T;|/2 ± n 2 / 3 for i / j, and 

3. for any vertex v of G, there are at least 7n' y ' _1 copies of F in which all vertices, except possibly 
v, are in Us,jA' s -. 

In fact, the first two properties are simple applications of Chernoff bounds (in which the martingale 
is just a sum of independent variables). For the third property we use a vertex exposure martingale. 
Fix v and let Z be the random variable which is the number of copies of F in which all vertices, 
except possibly v, are in UsjAgj. Since \Aq\ < 5n, the Claim gives KZ > (l/2)l y l -1 (/3 — 
Order the vertices of DsjAsj as v±, ■ ■ ■ ,v n >, where n' > (1 — 5)n, and define the random variable 
Z{ as the conditional expectation of Z given whether is in A' s ■ or A' s ■ for i! < i. Then Zq = EZ 
and Z n i = Z. Also |Zj — 2k_i| < n' y l _2 , using a crude upper bound on the number of copies 
of F containing v and some other vertex Vj. Now by Theorem 5.16 we have ¥(Z < jn^^ 1 ) < 
F(\Z n , - Z Q \ > 2-l y l/3nl y l" 1 ) < e"^ 3 ". 

Now we cover A$ by the following greedy procedure. Suppose we are about to cover a vertex 
v E Aq. We consider a cluster to be heavy if we have covered more than 7711 of its vertices. Since 
\Ao\ < 5n we have covered at most |y|<5n vertices by copies of F, so there are at most \Y\5n/ r fni < 
^■jra\ heavy clusters. As shown above, there at least 7n' y ' _1 copies of F that we can use to cover v. 
At most ^ , yraini'n} Y ^~ 2 < ^ra'^' -1 of these use a heavy cluster, so we can cover Aq while avoiding 
heavy clusters. 

Next we restrict to the vertices not already covered by the copies of F covering Aq, where we will 
use robust universality to finish the packing. Recall that each J s is 1/2-robustly |y| 2 -universal. By 
properties (1) and (2) of the partitions Agj = A' s ■ U Ag-, on restricting to the uncovered vertices 



we obtain J' s that satisfies conditions (i) in Definition 5.12 (Property (i) of Theorem 5.13 and 



$ 3> 1/n shows that the ±n 2 / 3 errors are negligible.) Also, any F-packing has maximum degree less 



than \Y\ 2 , so satisfies condition (ii) in Definition 5.12 Thus we can assume that J' s is complete, in 
that we can embed any F-packing in J' s , subject only to the constraints given by the sizes of the 
uncovered parts of each cluster. 

Now it is not hard to finish the proof with a slightly messy ad hoc argument, but we prefer to use 
the elegant argument of Komlos [231 Lemma 12]. Denote the classes of J' s by Ji, J2, J3. Since we 
avoided heavy clusters we have (1— 27)71-1 < | Jj| < n\ for 1 < i < 3. Let P 3 = {a € [0, l] 3 : a\ < «2 < 
0:3, Yli=i a i = !}■ We can associate a 'class vector' a(X) G P 3 to a 3-partite set X = X\ U X2 U X3 
by a(X)i = \X a (^\/\X\, for some permutation a £ S3 chosen to put the classes in increasing order 
by size. For a, j3 G P 3 write a -<, ft if a\ < fi\ and a\ + «2 < @i + 02- Since the classes of F 
are not all of equal size and 7 <C 1/|^| we have a{F) -< a(J). By a theorem of Hardy, Littlewood 
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and Polya, this implies that there is a doubly stochastic matrix M such that a(J) = Ma(F). By 
Birkhoff's theorem M is a convex combination of permutation matrices M = X^i^i^j S = !• 
Thus we can write the class vector of J as a( J) = £^ AiPja;(P), which is a convex combination of the 
permutations of the class vector of P. In fact, although the constant is not important, since P 3 has 
dimension 3, we can apply Caratheodory's theorem to write a( J) = X^=i HiPi a {F)-i Y^n=\ Mi = 1 as 
a convex combination using only 3 permutations of a(P)p] Finally, to pack copies of F in J' s we can 
use LMil^l/I^IJ copies of F permuted according to P3, for 1 < i < 3. At most 3\Y\ vertices of any 
J, are left uncovered because of the rounding, so in total at most C = 3\Y\rai vertices will remain 
uncovered. This completes the proof. □ 



As for Theorem 5.1 we needed to assume that not all part sizes of F are equal and we could not 
expect to cover all vertices. Some assumption on the degrees of pairs was convenient, as without 
it a nearly regular 3-graph can have some vertices that do not belong to any copies of F. For 
example, let Go be a tripartite 3-graph on V = V\ U V2 U V3 with \ V\\ = IV2I = | V3 1 = no/3 such that 
every vertex v has degree |Go(i>)| = (1 ± e)cing. Form G from Go by adding new vertices v±, - ■ ■ ,vt 
where t (3ci) _1 and edges so that G(vi) are pairwise disjoint graphs of size ciHq contained in 
(2) U (^ 2 ) U (^ 3 ). Then G has n = no + t vertices and |G(u)| = (1 ± 2e)c\n 2 for every vertex v. 
However, for every new vertex w, every pair ab £ G(vi) is only contained in the edge Viab, so Vi 
is not contained in any -^2,2,3 (say)- This example does not show that the assumption on pairs is 
necessary, as we can still cover all but t vertices, but it at least indicates that it may not be so easy 
to remove the assumption. For simplicity we assumed that every pair has many neighbours, but it 
is clear from the proof that this assumption can be relaxed somewhat. The bottleneck is the Claim, 
which can be established under the weaker assumption that for every vertex v there are at least n 2 ~ e 
pairs ab in G(v) with |G(a6)| > n 1_e , for some 6 > depending on F. 

Finally, we remark that one can apply the general hypergraph blow-up lemma in the next section 
and the same proof to obtain the following result (we omit the details). For any fc-partite fc-graph 
F in which not all part sizes are equal and < c\ , 01 < 1 there is a real e > and positive 
integers G, no such that if G is an A:-graph on n > no vertices V such that every vertex v has degree 
|G(t;)| = (1 ±e)cin fc_1 and every (k — l)-tuple S of vertices has degree |G(S)| > C2n then G contains 
an P-packing that covers all but at most G vertices. 



6 General hypergraphs 

In this section we present the general blow-up lemma. Besides working with k- graphs for any k > 3, 
we will introduce the following further generalisations: 

(i) Restricted positions: a small number of sets in H may be constrained to use a certain subset 
of their potential images in G (provided that these constraints are regular and not too sparse) . 

(ii) Complex-indexed complexes: a structure that provides greater flexibility, in particular the 
possibility of embedding spanning hypergraphs (such as Hamilton cycles). 

5 This last remark is attributed to Endre Boros in [23| . 
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We divide this section into five subsections organised as follows. The first subsection contains 
various definitions needed for the general case, some of which are similar to those already given for 
3-complexes and some of which are new. In the second subsection we state the general blow-up 
lemma and the algorithm that we use to prove it. The third subsection contains some properties 
of hypergraph regularity, analogous to those proved earlier for 3-graphs. We give the analysis of 
the algorithm in the fourth subsection, thus proving the general blow-up lemma. Since much of 
the analysis is similar to that for 3-graphs we only give full details for those aspects of the general 
case that are different. The last subsection contains the general cases of the lemmas to be used in 



applications of the blow-up lemma, namely Lemmas 5.9, 5.11 (super-regular restriction) and 5.13 
(robust universality). 



6.1 Definitions 

We start by defining complex-indexed complexes. 

Definition 6.1. We say R is a multicomplex on [r] if it consists some number of copies (possibly 
0) of every I C [r] which are partially ordered by some relation, which we denote by C ; such that 
whenever I* G R is a copy of some subset I of [r] and J is a subset of I, there is a unique copy J* 
of J with J* CI*. We say that R is a multi-fc-complex if \I\ < k for all I G R. 

Suppose V is a set partitioned as V = V% U • • • U V r . Suppose each Vi, 1 < i < r is further 
partitioned as Vi = L)i*Vi* , where i* ranges over all copies of i in R. We say G is an -R-indexed 
complex on V if it consists of disjoint parts Gi for I G R (possibly undefined), such that Gi C Vi 
for singletons i G R, and Gj< := Uj'ciGji is a complex whenever Gi is defined. We say that an 
R-indexed complex J on V is an .R-indexed subcomplex of G if Ji C Gj when defined. We say 
S C V is r-partite if \S n V{\ < 1 for 1 < i < r. The multi-index i*(S) of S is that I G R with 
S G Gj. If S G G we write Gs = f or the part of G containing S. 

We emphasise that C is more restrictive than the inclusion relation (also denoted C) between 
copies considered merely as subsets of [r]. To avoid confusion we never 'mix' subsets with copies of 
subsets. Thus, if I G R then JCI means J G R and (J, I) is in the relation C. Also, if I G R then 
i £ I means {i} G R and ({i}, I) is in the relation C. We also write i G R to mean {i} G R when the 



meaning is clear from the context. As in Definition 3.2, we henceforth simplify notation by writing 
i instead of {i}. 

Remark 6.2. We are adopting similar notation for complex-indexed complexes as for usual com- 
plexes for ease of discussing analogies between the two situations. Thus we typically denote a 
singleton multi-index by i and a set multi-index by /. If we need to distinguish a multi-index from 
the index of which it is a copy, we typically use the notation that i* is a copy of i and I* is a copy 
of/. 



We illustrate Definition |6 . 1 1 with the following example. 

Example 6.3. Figure [T] depicts an example of an i?-indexed complex G in which R is a multi-3- 
complex on [4] (not all parts have been labelled). The multi-indices have been represented as ordered 



71 



Figure 1: A complex-indexed complex 



pairs (A, t), where A 6 (^|) and t is a number (arbitrarily chosen) to distinguish different copies of 
A. An example of the inclusion structure is (34, 2) C (234, 1), since the intended interpretation of our 
picture is that for every triple in (^234,1 its restriction to index 34 lies in G^^- Other examples are 
(1,2) C (123,2) and (2,2) C (123,2), but (1,1) % (123,2) and (12,3) % (123,2), since the intended 
interpretation of our picture is that there are triples in Gi23,2 such that their restriction to index 12 
is a pair in G\£ x £2,2 not belonging to Gi.2,3. 

Complex-indexed complexes arise naturally from the partition complexes needed for regular de- 



compositions of hypergraphs, as in Theorem 5.7 Suppose P is an r-partite partition A;-complex on 
V. Recall that Cg denotes the cell containing a set S. We can index the cells of P by a multicomplex 
R on [r], where for each cell C5 we form a copy i*(S) of its (usual) index i(S). The elements of 
R are partially ordered by a relation C which corresponds to the consistency relation < discussed 
above, i.e. i*(S') C i*(S) exactly when Cs> < C5. One could think of P as a 'complete i?-indexed 
fc-complex', in that it contains every r-partite set of size at most k, although we remark that many 
partition fc-complexes P will give rise to the same multicomplex R, so the phrase is ambiguous. 

Note that if we do not allow sets in R to have multiplicity more than 1 then an i?-indexed 
complex is precisely an r-partite complex. The reason for working in the more general context is 



that R- indexed complexes are the structures that naturally arise from an application of Theorem 5.7 
so a general theory of hypergraph embedding will need to take this into account. In particular, in 
order to use every vertex of V we need to consider every part of the partition Pi of V{ for 1 < i < r, 
i.e. we need multi-index copies of each index i. The multi-index copies of larger index sets are useful 
because it may not be possible to choose mutually consistent cells. To illustrate this point, it may be 
helpful to consider an example of a 4-partite 3-complex where each triple has constant density (say 
1/10) and there is no tetrahedron K\. A well-known example of Rodl is obtained by independently 
orienting each pair of vertices at random and taking the edges to be all triples that form cyclic 
triangles. (A similar example is described in [36] •) Then we cannot make a consistent choice of cells 
in any 4-partite subcomplex so that each cell has good density. However, by working with indexed 
complexes one can embed using cells from each of the four triples, provided that the choice of cells 
is locally consistent. 

Much of the notation we set up for r-partite 3-complexes extends in a straightforward manner 
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to i?-indexed complexes for some multi-/c-complex R on [r]. Throughout we make the following 
replacements: replace '3' by l k\ 'r-partite' by '-R-indexed', 'I C [r]' by 'I G i?', 'index' by 'multi- 
index', by i*(S), and understand C as the partial order of multi- indices. Thus we define 
Gj< = UpciGp, Gj< = U/'c/G/', etc. as in Definition 3.2 We define restriction of i?-indexed 



complexes as in Definition 3.5, and more generally composition of i?-indexed complexes G and G' as 
we define (G * G') s if (G U G') s is defined and say that S G (G * G')<? if A G* G A 



4.4 



in Definition 

and A G* G^ for any A C S\ Lemma 4.5 applies to iZ-indexed complexes, with the same proof. 

As in Definition 3.9, if S C X is r-partite and I C we write Sj = S RUig/Xj. We also write 

we write G*j for the set 
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St = SiCr) f° r an y ^-partite set T with i*(T) C i*(S). As in Definition 
of r-partite |J|-tuples S with i*(S) = I such that T G Gt when defined for all T <Z S. When defined 



we have relative densities d/(G) = |G/|/|G}| and absolute densities d(Gi) 
that i G I means {i} C I according to i?.) 



G/|/n ie /|Vi|. (Recall 



To define regularity we adopt the reformulation using restriction notation already discussed for 3- 
complexes. For any I € R such that G/ is defined we say that G/ is e-regular if for every subcomplex 
J of G with | Jj| > e|G|| and Ji undefined we have dj(G[J]) = di(G) ± e. Note that if |/| = 0, 1 we 
have G[J]_f = Gj, so Gj is automatically e-regular for any e. We say that G is e-regular if whenever 
any G/ is defined it is e-regular. 

Remark 6.4. Some care is needed when forming neighbourhoods in complex-indexed complexes. 
The usual definition defines Gi(v) and Gj<{v). However the expression G(v)i may be ambiguous, as 
there may be several multi-indices I 1 such that I = I' \i, where i = i*(v). We avoid this ambiguous 
expression unless the meaning is clear from the context. The expression P G G(v) is unambiguous: 
it means Pv G G. 



Henceforth we suppose R is a multi-fc-complex on [r], H is an i?-indexed complex on X = U^nXi 
and G is an R- indexed complex on V = Uj g #Vi, with \Vi\ = |Aj| for i G R. As before we want to 
find an embedding <j> of H in G, via an algorithm that considers the vertices of X in some order and 
embeds them one at a time. At some time t in the algorithm, for each S G H there will be some 
IS'j-graph Fs(t) C Gs consisting of those sets P G Gs that are 'free' for S, in that mapping S to P is 
'locally consistent' with the embedding so far. These free sets will be 'mutually consistent', in that 
= ^S'csFs'if) is a complex. With the modifications already mentioned, we can apply the 



following definitions and lemmas (and their proofs) to the general case: Definition 3.7 (the update 



rule), Lemma 3.10 (consistency), Lemma 3.11 (iterative construction) and Lemma 3.12 (localisation). 
Just as some triples were marked as forbidden for 3-graphs, in the general case some /c-tuples M will 



be marked as forbidden. Definition 3.13 {Me 1 e^)) applies in general when E G H is a /c-tuple. 



Definition 3.15 is potentially ambiguous for i?-indexed complexes (see Remark 6.4), so we adopt 



the following modified definition. 

Definition 6.5. Suppose G is an R-indexed complex on V 
submulticomplex of R. We define G Iv = G[UseiGs(v)]. 



UieijVi, i G R, v G Gj and I is a 



Now we give the general definition of super-regularity, which is very similar to that used for 
3-graphs. 
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Definition 6.6. (Super-regularity) Suppose R is a multi-k- complex on [r], G is an R-indexed complex 
onV = U ieR Vi and M C G= := {P G G : \P\ = k}. We say that (G,M) is (e, e', d a , 9, ^-super- 
regular if 

(i) G is e-regular, and if Gs is defined then ds(G) > d if \S\ = k or ds(G) > d a if \S\ < k, 

(ii) ifGs is defined, i G S andv £ Gi then \Ms(v)\ < 6\Gs(v)\ if\S\ = k and G s <(v) is e' -regular 
with d s , Xi (G s <(v)) = (1 ± e>)d s >\i(G)d s >(G) for i<ZS'QS, 

(Hi) for every submulticomplex I of R, if Gs is defined, i G R and v G Gi, then |(M n G Iv )s\ < 
G\Gq I if \S\ = k, and G Iv is e' -regular with densities (when defined) 



ds(G h ) 



(l±e')d s (G)d T (G) if$^S = T\i,TeI,G T defined, 
(1 ± e')ds(G) otherwise. 



We remark that the parameters in Definition 6.6 will satisfy the hierarchy e <C e' <C d a <C 9 -C d. 



Thus we work in a dense setting with regularity parameters much smaller than density parameters. 
Note that we have two density thresholds d a and d, where d a is a lower bound on the S-densities 
when IS" | < k and d is a lower bound on the S*-densities when IS"! = k. The marking parameter 9 
again lies between these thresholds. Next we will formalise the notation ds(F(t)) = ds(F s <(t)) used 
for 3-complexes by defining F{t) as an object in its own right: a complex- coloured complex. 

Definition 6.7. Suppose R is a multi-k -complex on [r], H is an R-indexed complex on X = U^rXi 
and G is an R-indexed complex on V = U^jiVi. An //-coloured complex F (in G) consists of \S\- 
graphs F$ C Gs such that F s < = Us'csFs' is a complex for S G H. We allow Fs to be undefined for 
some S G H. We say that an H -coloured complex J is an iZ-coloured subcomplex of F if Js Q Fs 
when defined. The restriction F[J] is the H-coloured complex with F[J]s = F s <[J s <]s- When F(t) 
is an H-coloured complex at time t we use F(t)s and Fs(t) interchangeably. We let G also denote 
the H-coloured complex F in G such that Fs = Gs for all S G H. When I is a subcomplex of H we 
let Fj denote the H-coloured complex that consists of Fs for every S £ I and is otherwise undefined. 

We use the terminology 'coloured' in analogy with various combinatorial questions involving 
hypergraphs in which each set can be assigned several colours. In our case a set E G G is assigned 
as colours all those S G H for which E G Fg. Note also that if we had the additional property that 
the parts Fs, S G H were mutually disjoint, i.e. any set in G has at most one colour from H, then 
F would be an H- indexed complex. (We make this comment just to illustrate the definition: we will 
not have cause to consider any //-indexed complexes.) 



In the proof of Theorem 4.1 there were several places where we divided the argument into separate 
cases. This will not be feasible for general k, so we will introduce some more notation, which may 
at first appear somewhat awkward, but will repay us by unifying cases into a single argument. 

Definition 6.8. Suppose R is a multi-k -complex on [r], H is an R-indexed complex on X = Ujg^Xj 
and G is an R-indexed complex on V = Ui^fiVi. Fix x G X . 

(i) We define a multi-(k + \)-complex R + on [r + 1] as follows. There is a single multi-index copy 
of r + 1, also called r + 1. Suppose x G X{* } where i* G R is a copy of some i G [r]. Consider 
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I* £ R such that I* is a copy of I C [r\. If i* £ I* we let I* c be a copy of (I \ i) U {r + 1}. // 
z* ^ I* and I* 7^ J\i* for any J £ R we let I* + be a copy of I U {r + 1}. PFe extend C &jy f/ie 
rides fw/ien defined) J C I* c /or i* J Q I* ; J c Q I* c for i* £ J C J* ; J c C J*+ /or i* £ J 
and J\i* C I*; J* C /*+; and J+ C /*+ /or J C J*. 

fiij Zei X r+ i = {x c } consist of a single new vertex that we consider to be a copy of Let H + be 
the R + -indexed complex H U {Sx c : S £ H} on X + = X U X r+ \, where i*(Sx c ) is (i*(Sx)) c if 
Sx £ H or i*(S) + if Sx £ H . If Sx £ H we write (Sx) c = Sx c . If x ^ S £ H we write S c = S. 
IfS£H\H(x) we write S + = Sx c . Note that i*({Sx) c ) = (i*(Sx)) c and i*(S+) = (**(£))+. 

(Hi) Let V r -\-\ be a new set of vertices disjoint from V having the same size as V x = Vi* . We think 
of V r +i as a copy of V x , in that for each v £ V x there is a copy v c £ V r +i- Let G + be the 
R + -indexed complex GU{Pv c : P £ G,v £ V x } on V + = VUV r+ i, where i*(Pv c ) is i*(Pv) c if 
Pv£G or i*(P) + ifPv £G. If Pv £ G we write {Pv) c = Pv c . If v $ P £ G we write P c = P. 
If P £ G\G(v) we write P + = Pv c . Note that i*((Pv) c ) = (i*(Pv)) c and i*(P + ) = (i*(P)) + . 

(iv) If I C H or I C G we write I c = {A c : A £ I}. 



(v) Suppose F is an H-coloured complex in G. We define H + -coloured complexes F c = UseH^s 
and F + = [Js g h(Fs U F$) = F U F c . Suppose I is an R-indexed subcomplex of H . The plus 
complex is F I+X = G + [FU F+). 



We give the following example to illustrate Definition 6.8 



Example 6.9. As in Example 3.8, suppose that H and G are 4-partite 3-complexes, that we have 
4 vertices X{ £ Xj, 1 < i < 4 that span a tetrahedron K\ in H, that we have the edges x^x^x^ and 
2^X3X4 and all their subsets for some other 4 vertices x\ £ Xi, 1 < i < 4, and that there are no other 
edges of H containing any Xi or x[, 1 < i < 4. We can think of H and G as R- indexed complexes 
with R = (]5 3 ) , i.e. we have one copy of each subset of [4] of size at most 3. 



We work through Definition 6.8, setting x = x\. R + is the subcomplex of [5] that contains 
R = (^|) and all sets S U 5 with S £ (<|). H + is the i? + -indexed complex on X + = X U X§ where 
X5 = {xi} and H + consists of all sets S and Sx\ with S £ H. G + is the i? + -indexed complex on 
V + = V U V5 where V5 = {v c : v £ Vx} and G + consists of all sets S and Sv c with S £ G and v £ V\. 
Note that H + and G + are 5-partite 4-complexes. 

Let F(0) be the i?-coloured 3-complex in which F(0)$ = Gs for all S £ H. We will describe 
the plus complex F(0) H+x K For any S £ H we have F(0)^ +Xl = F(0) s = G s by equation (g. 
Similarly, for any S £ H(xi) we have ^(O)^ 1 = (F(0)+ c ) Sx - = G c Sxi . (Recall that S £ H( Xl ) 
iff Sxt £ H.) For example, ^(O)^ 1 = G c X2Xl = {v 2 v{ : v 2 v x £ G X2Xl }. If S £ H \ H(x x ) then 
F(0)g^ Xl consists of all P £ Gg x c such that for all S' C S we have P s > £ G s > and £ G c s , Xi if 

S' £ h\ Xi ). For example, F^^ 
in Gi23- 



S' £ H(x\). For example, F(0) x ^ X;jX c consists of all 4-tuples v'^v^v^ where V1V2V3 and v[v2Vs are 



6 To avoid confusion we should point out that the use of 'copy' here is different to the sense in which multi-indices 
are copies of normal indices. 
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Now suppose, as in Example |3.8[ that we start the embedding by mapping x\ to some v± G V%. 
Let P(l) be the P-coloured 3-complex given by the update rule: this is worked out in Example 



3.8 and formally defined in Definition |3.7| We can also describe it using the plus complex. For 
example, we saw that F X2X3Xi (l) = F(l) X2X:jX4 consists of all triples in G234 that form a triangle 
in the neighbourhood of v\, i.e. form a tetrahedron with v\. We can write this as F(l) X2X3Xi = 
x 2 x 3 x 4 , as by definition V2V3V4VI G F(®) X2 ~X3X4X C exactly when V1V2V3V4 is a tetrahedron. 



Another example from Example 3.8 is that F(l) x i^ x ^ X3 consists of all triples P G G123 not containing v\ 
such that P3 = Pn V3 is a neighbour of v\. We can write this as F{l) x i X ^ X3 = F(0) H+Xl [vf}^ ^ X3 \vi, 
as by definition v[ V2V3V1 G ^(^) x '~^ X3X c exactly when v'^v^ G G123 and V1V3 G G13. 

Note that the plus complex in Definition |6.8[ v) depends on H, but we suppress this in the 
notation, as H will always be clear from the context. We have also suppressed x from the notation 
in R + (etc). One should note that the definition of P + is rather different than G + and H + . To 
clarify this definition, we note that P^ c = P c , and also that P^t = Ff c , so one could also write 
F I+X = G + \F U Ff c ]. To justify the definition of the plus complex, we note that P c and P + are H+- 
coloured complexes in G + , as F? SxC ,< is the copied version of the complex F Sx < for any S G H. Then 
P U Ff c is an P+-coloured complex in G+, with (P U F+) s = F s for S G H and (P U F+) S c = F§ 
for S G P Regarding G + as an P + -coloured complex in G + , the plus complex F I+X is a well-defined 
P + -coloured complex in G + . By equation ([2]) we have 

F| +x = F s for S G H and F J s t x = F§ for S G P 



As noted in Remark 6.4 some care must be taken to avoid ambiguity when defining neighbourhoods. 



We adopt the following convention: 

r +x ( at C\ J 

Sx 



I+X (v c ) s = Fl+ X (v c ) for S G P. 



Note that we set / = H in Example 6.9 , and indeed this is the typical application of this definition. 



The reason for allowing general / is for proving the analogue of Lemma 4.21| in the general case. Next 
we prove a lemma which confirms that the plus complex does describe the update rule in general, 
when we map x to <j){x) = y at time t. 

Lemma 6.10. // x G" S G H then F(t) s < = F(t - 1) H+X (y c ) s < \ y. 



Proof. By Definition 3.7 we have F s <(t) = F s <(t - l)[F Sx <(t - l)(y)} \ y. Thus P G F s (t) 



exactly when P G F s (t - 1), y (£ P and P s >y G F s > x (t - 1) for all S'CS with S' G H{x). Since 



Ps'U G F S ' x (t - 1) 44> P s >y c G F S ' x (t - l) c , Definition [6\8| gives P G Ps(t) exactly when y ^ P and 
Py c G F(i _ □ 

We also note that the plus complex can describe the construction G Iv in a similar manner. For 
the following identity we could take H = R, considered as an P-indexed complex with exactly one 
set S G H$ for every S G R. Actually, the identity makes sense for any P-indexed complex H, when 



we interpret each P-indexed complex as an P-coloured complex as in Definition 6.7, i.e. G Iv is the 
P-coloured complex P in G Iv with P5 = G 1 ^ for all S G H, and similarly for G I+v {v c ). 

Lemma 6.11. G I+x (v c ) s = G^ for S G H and v G G x . 

Proof. We have P G G^ exactly when P G G s and P'v G G for all P' C P with i*(P'u) G P Since 
P'v G G <S> PV G G c this is equivalent to Pv c G □ 
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6.2 The general blow-up lemma 



Now we come to the general blow-up lemma. First we give a couple of definitions. Suppose R is a 
multi-fc-complex on [r]. We write \R\ for the number of multi-indices in R. For S G R, the degree of 
S is the number of T G R with S C T. 

Theorem 6.12. (Hypergraph blow-up lemma) Suppose that 

(i) < l/n< 1/nfl «e<e'<c<d a <6>< d,d ,l/D R ,l/D,l/C,l/k, 

(ii) R is a multi-k- complex on [r] of maximum degree at most Dr with \R\ < n^, 

fra) is an R-indexed complex on X = Ujg^Xj of maximum degree at most D, G is an R-indexed 
complex onV = Di^nVi, Gs is defined whenever Hs is defined, andn < \Xi\ = \ Vi\ = \G{\ < Cn 
for i G R, 

(iv) M C G= = {5 1 € G : |5| = A;} and (G,M) is (e, e' ,d a ,0,d) -super-regular, 

(v) r zs an H -coloured complex in G with Y x defined only when x £ X*, where \X* n Xj| < c|_Xj| 
/or a/Z i € R, and for S £ H, when defined T$ is e' -regular with ds(T) > c'ds(G), 

Then there is a bijection (ft : X — > V with <f>(Xj) = V{ for i G R such that for S G H we have 
4>(S) G Gs, <t>(S) G Gs \ Ms when \S\ = k and 4>(S) G when defined. 



We make some comments here to explain the statement of Theorem 6.12 An informal statement 
is that we can embed any bounded degree -R-indexed complex in any super-regular marked i?-indexed 
complex, even with some restricted positions. The restricted positions are described by assumption 
(v): for some sets S G H we constrain the embedding to satisfy 4>(S) G r^, for some ff-coloured 
complex r that is regular and dense and is not defined for too many vertices. Note that we now 
allow the embedding to use all \R\ parts of V, provided that R is of bounded degree. Thus this 
theorem could be used for embedding spanning hypergraphs, such as Hamilton cycles. Even in the 
graph case, embedding spanning subgraphs is a generalisation of the graph blow-up lemma in [24] . 
A blow-up lemma for spanning subgraphs was previously given by Csaba [5] (see |20| for another 
application). Restricted positions have arisen naturally in many applications of the graph blow- 
up lemma, and will no doubt be similarly useful in future applications of the hypergraph blow-up 
lemma. In particular, a simplified form of the condition (where Ts is only defined when \S\ = 1) 
is used in a forthcoming work [19] on embedding loose Hamilton cycles in hypergraphs. We allow 
a general -ff-coloured complex T as the proof is the same, and it would be needed for embedding 
general Hamilton cycles)^] 



We prove Theorem |6.12 with an embedding algorithm that is very similar to that used for 



Theorem 4.1 We introduce more parameters with the hierarchy 



< 1/n < X/tir < e < e < e , < • • ■ < e^D,3 < e* < Po < c < 7 < Sq < p < d u < d a 
< 9 < O < Q'o < ••• < Qk 3 D < Ojfin < 0* < 5q < < d,c',l/D,l/D R ,l/C,l/k. 



7 While [19] and the current paper have been under review, more general results on Hamilton cycles have been 
obtained in [28] and [21] without using the hypergraph blow-up lemma. However, it seems most likely that more 
complicated embedding problems will require the hypergraph blow-up lemma. 
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The roles of the parameters from Theorem 4.1 are exactly as before. Our generalisations to -R-indexed 
complexes and restricted positions have introduced some additional parameters, so one should note 
how they fit into the hierarchy. The restricted positions hypothesis has two parameters c and d . 
Parameter c controls the number of restricted positions and satisfies po <C c <C 7. Parameter d gives 
a lower bound on the density relative to G of the constraints and satisfies d 3> 5b- The indexing 
complex R has two parameters ur and Dr. Parameter ur is a bound for \R\ and can be very 
large, provided that n is even larger. Parameter Dr bounds the maximum degree of R and satisfies 
D R « 1/5 B - 



Initialisation and notation. Write X'^ = X* U [j xe x VNjj(x). We choose a buffer set B C X 
of vertices at mutual distance at least 9 in if so that \B fl Xi\ = <5b|Xj| for i £ R and 
B n = 0. Since n < |Xj| < Cn for i £ R and has maximum degree -D we can construct 
B by selecting vertices one-by-one greedily. Every vertex neighbourhood in H has size less 
than kD, so there are at most (kD) 8 vertices at distance less than 9 from any vertex of H. 
Similarly, there are at most (kDR) 8 multi-indices j £ R at distance less than 9 from any fixed 
multi-index i £ R. Thus at any stage we have excluded at most (kDR) 8 (kD) 8 5BCn < n/2 
vertices from Xj, since 5b <C 1/Dr. Similarly, since |X» n Xj\ < c\Xj\ for all j £ R we 
have fl Xj| < (kDR) 8 (kD) 8 cCn < y^n. Since |Xj| > n we can construct -B greedily. Let 
iV = U X £bVNh(x) be the set of all vertices that have a neighbour in the buffer. Then N is 
disjoint from X*, as we chose B disjoint from X'*. Also, |iVnXj| < (kD R)(kD)5 sen < \f5~B\Xi\ 
for any i £ R. 

For S £ H we set F s (0) = G[T] S . We define L = L(0), q(t), Q(t), j(t), J(t), X^t), V t (t) as in 
the 3-graph algorithm. We let X(t) = U ieR Xi(t) and V(t) = U i( zRVi(t). 

Iteration. At time t, while there are still some unembedded non-buffer vertices, we select a vertex 
to embed x = s(t) according to the same selection rule as for the 3-graph algorithm. We choose 
the image (j)(x) of x uniformly at random among all elements y £ F x (t — 1) that are 'good' 
(a property defined below). Note that all expressions at time t are to be understood with the 
embedding <p(x) = y, for some unspecified vertex y. 

Definitions. 

1. For a vertex x we write u x (i) for the number of elements in VNr(x) that have been embedded 
at time t. For a set 5* we write vs{t) = Yly^s v vi^)- We also define i/g(t) as follows. When 
|5| = k we let v'g(t) = us(t). When \S\ < k we let i/g(t) = +K, where K is the maximum 
value of v's x <{t') over vertices x' embedded at time t' < t with S £ H(x')\ if there is no such 
vertex x' we let Vg(t) = vs{t)- 

2. For any r-partite set S we define F s (t) = F s (t- l) y if x £ S or F s {t) = F s < (t - 1) [F S x < (t - 

\ y if & £ S. We define an exceptional set E x (t — 1) C F x (t — 1) by saying y is in 
F x (t — 1) \ E x (t — 1) if and only if for every unembedded 7^ S £ H(x), 

d s (F(t)) = (1 ± e u , sit)fi )d s (F(t - l))d Sx (F{t - 1)), and F s (t) is e^ (t))0 -regular. 

3. We define E\ M E t E (t), D x E (t-l) and U(x) as in the 3-graph algorithm, replacing 'triple' 
by 'fc-tuple'. We obtain the set of good elements OK x (t — 1) from F x (t — 1) by deleting E x (t— 1) 
and D XjE (t — 1) for every E £ U{x). 
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We embed x as (j>(x) = y where y is chosen uniformly at random from the good elements of 
F x (t — 1). We update L(t), q(t) and j(t) as before, using the same rule for adding vertices to 
the queue. We repeat until the only unembedded vertices are buffer vertices, but abort with 
failure if at any time we have \Q(t) f] Xi\ > <5q|^| for some i £ R. Let T denote the time at 
which the iterative phase terminates (whether with success or failure). 

Conclusion. When all non-buffer vertices have been embedded, we choose a system of distinct 
representatives among the available slots A' x (defined as before) for x G X(T) to complete the 
embedding, ending with success if possible, otherwise aborting with failure. 



Similarly to Lemma 4.2 the algorithm embeds H in G\ M unless it aborts with failure. Further- 
more, when Ts is defined we have Fg(0) = G[F]s = Fs, so we ensure that (f>(S) G Tg. Note that any 
vertex neighbourhood contains at most (A; — 1)D vertices. Thus in the selection rule, any element 
of the queue can cause at most (k — 1)D vertices to jump the queue. Note also that when a vertex 
neighbourhood jumps the queue, its vertices are immediately embedded at consecutive times before 
any other vertices are embedded. We collect here a few more simple observations on the algorithm. 

Lemma 6.13. 

(i) For any i 6 R and time t we have \Vi(t)\ > 5Bn/2. 

(ii) For any i G R and time t we have \J(t) n Xi\ < ^J~Squ. 

(Hi) We have v x (t) < (k — 1)D for any vertex and v' s {t) < k?D for any S 6 H. Thus the e-subscripts 
are always defined in (=tf6T2l) - 

(iv) For any z G VNh(x) we have v z (t) = v z (t — 1) + 1, so for any S G H that intersects VNh(x) 
we have ^s(t) > v${t — 1). 

(v) Ifu s (t) > v s {t - 1) then v' s {t) > v' s (t - 1). 

(vi) If z is embedded at time t' < t and S G H(z) then v' s {t) > Vg z (t) > v' Sz (t' — 1). 



Proof. The proofs of (i) and (iii-vi) are similar to those in Lemma 4.3 so we omit them. For (ii) 
we have to be more careful to get a good bound inside each part. Note that we only obtain a new 
element x of J(t) n Xj when x is a neighbour of some b G B and some z within distance 4 of £ is 
queued. In particular z is within distance 5 of x. Given i, there are at most (kDji) 5 choices for 
j = i*(z) G R, at most \Q(t)nXj\ < 5qCh choices for z, then at most (kD) 5 choices for x. Therefore 
|J(t) n Xi\ < (kD R ) 5 {kD) 5 5 Q Cn < y%n. □ 

6.3 Hypergraph regularity properties 

This subsection contains various properties of hypergraph regularity analogous to those described 



earlier for 3-graphs. We start with the general counting lemma, analogous to Theorem 5.8 
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Theorem 6.14. (Rodl-Schacht VM , see Theorem 13) Suppose < e <C d,j,l/r,l/j,l/k, that J 
and G are r -partite k-complexes with vertex sets Y = Y\ U • • • U Y r and V = V\ U • • • U V r respectively, 
that \J\ = j, and G is e-regular with all densities at least d. Then 



d(J, G) = E. 



</>G*(y,v) 



n G A MA)) 



Aej 



:i± 7 )Hd A (G). 



AeJ 



A useful case of Theorem 6.14 is when r = k and J = [k]- consists of all subsets of a fc-tuple; 
this gives the following analogue of Lemma |4.10 



Lemma 6.15. Suppose < e <C e' <C d, 1/k, G is a k-partite k-complex on V = V\ U • • • U Vk with 
all densities ds(G) > d and G is e-regular. Then d(G[ k ]) = (1 ± e') n,sc[fc] ds{G). 

Next we give the analogue of Lemma |4.6| 



Lemma 6.16. (Vertex neighbourhoods) Suppose G is a k-partite k-complex on V = V\ U • • • U V k 

with all densities ds(G) > d and < rjj <C n'j <C d,l/k for each I C [k]. Suppose that each Gj is 
r/i-regular. Then for all but at most %J2ic[k-i] r]' Ik \Gk\ vertices v G Gk, for every ^ I C [k — 1], 
G{v) x is (rf'j + rf Ik ) -regular with (2/(G(») = (1 ±rfj± r 1 ' Ik )d I {G)d Ik {G). 



Proof. The argument is similar to that in Lemmas |2.2| and 4.6 We show the following statement 
by induction on \C\: for any subcomplex C of [k — 1]-, for all but at most 2 Y^ieC Vik\Gk\ vertices 
v G G k , for every / G C, G(v)j is + ^ fe )-regular with = (1 ± ^ ± i Ik )di{G)d Ik (G). The 

base case is C = 



or less trivially any C with |/| < 2 for all / G C, by Lemmas 2.2 and 4.6 



For the induction step, fix any maximal element / of C. By induction hypothesis, for all but 
at most 2 Yli'eCXI Vi'k\Gk\ vertices v G G k , for every I' G C\I, G{v)ji is (rj'j, + 7^, fc )-regular with 
dji(G(v)) = (1 ± r/'j, ± r]' I , k )dp{G)dp k {G). Let G' k be the set of such vertices. It suffices to show 
the claim that all but at most 2rj' Ik \G k \ vertices v G G' k have the following property: if J v is a 
subcomplex of G(v)i< with \(J v )*j\ > (rfj + rf Ik )\G(v)}\ then |G[J U ]/| = (1 ± ^/2)d/(G)|(J u )£| and 

Suppose for a contradiction that this claim is false. Let 7 = maxf/cj r/'j,. By Theorem 
any 1; G G' fc we have 



6.14 



for 



iel 



diGiv)}) > (1 - 7) J] (1 - rj'j, - Vi>k)dAG)d Pk (G) > \d 
I'ci 



2 k 



Then for any J v C G(w)/< with |(J")}| > (r/j + 7j fc )|G(w)il we have \(J V )}\ > ViUiei \ y i\ > Vi\G}\, 
so |G[J V ]/| = {d I (G)±7 1I )\(J v )* I \ = (l±r ! ' I /2)d I (G)\{J v )* I \, since G/ is ^/-regular. So without loss of 
generality, we can assume that we have vertices v% , ■ ■ ■ , Vt G G' k with t > rj lk \G k \, and subcomplexes 
J Vi C G( Vi )j< with |(J^I > W + ^I^K)/! such that |G(«i)[J^]/| < (l-Vi'fc/2)d/k(G)|G[J*i]j| 
for 1 < t < t. Define complexes A* = G[J u< ]j U {u f 5 : S G J**} and A 



WehaveL4} fc | = £< =1 |(A 



E*=i |G[J^]/|. Now |G[J^]j| > (d I (G)-r]j)\(J Vl )* I \, dj(G) > d, 



\(J Vi )}\ > (V'i + r/jJlGiytil > rf Ik ■ \d? Uiei \V t \ and t > rf Ik \G k \, so 

> v'ik\Gk\ ■ (d - m) ■ Vik ■ \d 2k \\\Vi\>mkX[\Vi\> Vik\G 



Ik\- 



ielk 
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Since Gj k is 77/fc-regular we have di k (G[A])j k = dik(G) ± rji^. Therefore \G n A* Ik \ > (di k (G) — 
Vik)\A%\ = (d Ik (G) - 7/j fc ) £* =1 |G[J' Ul ]/|. But we also have 

t t t 

|G n A%\ = |G Wkl < J> - rf Ilk /2)d Ik (G)\G[J^]j\ < (d Ik (G) - m ) £ \G[J v >]i\, 

i=l i=l i=l 

contradiction. This proves the claim, and so completes the induction. □ 



We apply Lemma 6.16 in the next lemma showing that arbitrary neighbourhoods are typically 
regular. 

Lemma 6.17. (Set neighbourhoods) Suppose < e <C e' -C d, 1/k and G is an e-regular k- 
partite k-complex on V = V\ U • • • U with all densities ds(G) > d. Then for any A C [k] 
and for all but at most €'\Ga\ sets P G Ga, for any 7^ I C [fc] \ A, G(P)i is e' -regular with 
di{G(P)) = {l±e')Y\A'CA d A'i(G) (and d $ (G(P)) = 1 as usual). 

Proof. For convenient notation suppose that A = [k'\ for some k' < k. Introduce additional 
constants with the hierarchy e <C e\ -C e[ -C • • • -C -C e' fc/ <C e'. We prove inductively for 
1 < t < k' that for all but at most e^|Gw| sets S G Gm, for any 7^ / C [A;] \ [t], G(5) is ej-regular 
with di(G(S)) = (1 ± et) flrcw ^ti{G). The base case t = 1 is immediate from Lemma 



6.16 



with 



e' replaced by e±. For the induction step, consider S G Gw such that for any 7^ / C [fcj \ [i] 
G(5) is e t -regular with d/(G(5)) = (1 ± et) IItc^] ^ti(G). We have di{G{S)) > 5 
to G(5) with 77/ 



apply Lemma 



6.16 



2 fc e£ and d replaced by 



so we can 
Then for all but 



at most e' t \G{S) t +i\ vertices v G G(S) t +i, for every I^JC [fc] \ [t + 1], G(5)(w)j = G(Su)j is 
e^-regular with = (1 ± e£)ci/(G(S))(i /fc (G(S)) = (1 ± 2eJ) IItc^+i] dri(G). Also, since 

the number of pairs (»S, u) for which this fails is at most 



IG 



[t+i] 



E[j=i l^i I by Theorem 



6.14 



e t|G[t]| • + |G[ t ]| • e' t \G(S) t +i\ < e t+ i|G[ tH 



□ 



We omit the proofs of the next three lemmas, as they are almost identical to those of the cor- 



responding Lemmas 4.8 4.9 and 4.12, replacing 123 by [k] and using Theorem 6.14 instead of the 



triangle-counting lemma. 

Lemma 6.18. (Regular restriction) Suppose G is a k-partite k-complex on V = V\ U ■ ■ ■ U Vk 

with all densities dg(G) > d, Gnu is e-regular, where < e -C d, 1/k, and J C G is a (k — \)-complex 
with |J£J > y^lG^j I . Then G[J][&] is ^-regular and d^{G[J]) = (1 ± y/e)d\j^{G). 

Lemma 6.19. Suppose G is a k-partite k-complex on V = V\ U • • • U V k with all densities ds(G) > d 
and Grw is e-regular, where < e <C d,l/k. Suppose also that J <^ G is a (k — l)-complex, and 
when defined, di(J) > d and Ji is n-regular, where < r/ <C d. Then G[J][ k ] is ^-regular and 
d [k] (G[J]) = (l±V~e)d [k] (G). 

Lemma 6.20. Suppose G is a k-partite k-complex on V = V\U ■ ■ - UV k with all densities d$(G) > d 
and G is e-regular, where 0<e<e'<d, 1/i Then for any A C [k] and for all but at most €'\Ga\ 
sets P G Ga we have \G{P) [k] \ A \ = (1± e')\G [k] \/\G A \. 



Note that we will not need an analogue of the technical Lemma 4.11 
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6.4 Analysis of the algorithm 



We start the analysis of the algorithm by showing that most free vertices are good. First we record 
some properties of the initial sets Fs(0), taking into account the restricted positions. 

Lemma 6.21. F s (0) is e' -regular with d s (F(0)) > c'd s (G) and \F S (0)\ > (c') 2 ' 5 ' \G S \ . 



Proof. By definition we have Fs(0) = G\T]g 
regular with ds{G) > d a . Hypothesis (v) of Theorem 



Condition (i) of Definition 6.6 tells us that Gs is e- 
l says that when defined Tg' is e'-regular with 
d S '{r) > c'd s >{G) for S' C S. If T s is defined then F s (0) = T s is e'-regular with d 8 (F(0)) = d s (T) > 

T s is Ve-regular with d s (F(0)) = (l±e)d s (G) > c'd s (G). The 



c'ds(G). Otherwise, by Lemma 6.19 

estimate |i<s(0)| > (c') 2 ' S| |Gs| follows by applying Theorem 



6.14 



to F(0) s < and G s <. 



Note that 
□ 



dffi(F(0)) = dtjf(G) = 1, so one of the c' factors compensates for the error terms in Theorem 6.14 
Our next lemma handles the definitions for regularity and density in the algorithm. 

1)| < e*\F x (t-l) 



Lemma 6.22. The exceptional set E x {t — 1) defined by satisfies \E x {t 

and Fs(t) is e v i ^ i-regular with ds(F(t)) > d u for every S £ H. 



Proof. We argue by induction on t. At time t = the first statement is vacuous and the second 
follows from Lemma 6.21, since ds(G) > d a for S £ H. Now suppose t > 1 and ^ S £ H is 



unembedded, so x ^ S. We consider various cases for S to establish the bound on the exceptional 
set and the regularity property, postponing the density bound until later in the proof. 

We start with the case when S £ H{x). By induction Fgt(t—1) is e u > (t_;ni-regular and dgr(F(t— 
1)) > d u for every S' C Sx. Write v = maxycs ^s'xtt ~ ^) ano - u * = max {^5(* — ^^'sx^ ~ -Oi- 
for all but at most e U) 2\F x (t — 1)| vertices y £ F x [t — 1), Fs(t) = Fs x (t — l)(y) is 
(1 ± e u * )2 )d s (F(t - l))d Sx (F(t - 1)). Also, we claim that v' s {t) > v*. 

1), (v) gives v' s (t) > u' s (t 



6.16 



By Lemma 
e u * ^-regular with ds{F(t)) 



This holds by Lemma 6.13: (iv) gives ^s(t) > vs(t 
4(*)>^k(*- 



1), and (vi) gives 



1). Thus we have C =*feT2l) for such y. We also note for future reference that ds(F(t)) > 
d\j2. In the argument so far we have excluded at most efc3 D 2 |i ? x (t — 1)| vertices y £ F x (t — 1) for 
each of at most 2 k_1 D sets S £ H(x); this gives the required bound on E x (t — 1). We also have the 
required regularity property of Fs(t), but for now we postpone showing the density bounds. 

Next we consider the case when S £ H and 5 ^ H(x). We show by induction on |,S| that Fs(t) 
(^^-regular with ds(F(t)) > d u /2, and moreover Fs(t) is e u > ( < _ 1 -j j2 -regular when S intersects 



is e„/ 



VNh{x). Note that if S intersects VNh(x) then we have u' s (t) > v'g{t — 1) by Lemma 6.13 V). 
For the base case when S = {v} has size 1 we have |i^(^)| = \F v (t — 1) \ y\ > \F v (t — 1)| — 1, so 
d v (F(t)) > d v (F(t — 1)) — \/n > d u /2. For the induction step, suppose that \S\ > 2. Recall that 
gives F s (t) = F s <(t - l)[F s <(t)] s . Since F s {t - 1) is e„/ ( t _ X ) i-regulax, by Lemma 



Lemma 



6.18 



3.11 



Fs(t) is e^ (t _ 1))2 -regular with d s {F(t)) = (1 ± e u ' s {t-i),2)ds{F(t - 1)). This gives the required 
property in the case when S intersects VNh(x). Next suppose that S and VNh(x) are disjoint. 
Let t' be the most recent time at which we embedded a vertex x' with a neighbour in 5. Then by 
Lemma 3.12, F s < (t) is obtained from F s < (if) just by deleting all sets containing any vertices that are 
embedded between time t' + l and t. Equivalently, F s (t) = F s (t')[((F z (t) : z £ S), {0})]. Now F s (t') 
is e^(t'-i),2-regular with d s (F(t')) > d u and v' s (t) > v' s (t') > v' s (t' - 1), so F s (t) is e^( t)jl -regular 



with d s (F(t)) > d u /2 by Lemma 6.18 
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Now we have established the bound on E x (t — 1) and the regularity properties, so it remains to 
show the density bounds. First we consider any unembedded S G H with \S\ = k. Then Fg(t) = 
F(0)[F s <(t)]s, similarly to Q in Lemma [413} By Lemma |qT2"T} F(0) s is e'-regular with d s (F(0)) > 
c'd. Also, we showed above for every S' C S that Fs>(t) is ,1-regular with ds>(F(t)) > d u /2. 

(1 ± y/^)d 3 (F(0)) > c'd/2. In 



Now Lemma 



6.19 



shows that Fs(t) is v e'-regular with ds(F(t)) 
particular we have ds(F(t)) > d u , though we also use the bound c'd/2 below. 

Next we show for k — 1 > \S\ > 2 that ds(F(t)) > 4:d 2 a D2(k |S ". We argue by induction on t 
and reverse induction on i.e. we assume that the bound holds for larger sets than S. When 
1 5 1 = k we have already proved ds(F(t)) > c'd/2 > Ad 2 . Let t' < t be the most recent time at 
which we embedded a vertex x' with S G H(x'), or let t' = if there is no such vertex x'. Note 
that we may have t' = t if S G -ff(x). Let J(t) be the 1-complex ((F z (t) : z G 5),{0}). As in 



Lemma |413| we have F s (t) = F(t')[J(t)] s , so Lemma |6T8| gives d s (F(t)) > d s {F(t'))/2. Also, 
gives d s (F(t')) = (1 ± e I/ , (t , )i o)ds(F(t' - 1))<W(^' " 1)), where ds x '(F(t' - 1)) > 4^ 2(fc - |s| " 1) by 
induction. Thus the 5-density starts with ds(F(0)) > c'd a , loses a factor no worse than 1/2 before we 

1J on at most D occasions 



> K D 



below. 



embed some x' with S G H(x'), then loses a factor no worse than d 2 ®^ ' S 
when we embed some x' with 5 G H{x'). This gives ds{F(t)) > c'd a /2 • M|J 
In particular we have ds(F(t)) > d M , though we also use the bound Ad 2 a D2( ~ k |S|) 

Finally we consider any unembedded vertex z. Suppose that the current z-regime started at 
some time t z < t. If t z > then we embedded some neighbour w = s{t z ) of z &t time t z . By 
(tfOl) and the above bound for pair densities we have d z (F(t z )) > d wz (F(t z — l))d z (F(t z — l))/2 > 
f j2D 2 k 2) d z [p(t z — i)). Now we consider cases according to whether z is in the list L(t — 1), the queue 
q(t — 1) or the queue jumpers j{t — 1). Suppose first that z G L(£ — 1). Then the rule for updating 
the queue in the algorithm gives > 8'q \ F z (t z ) | . Next suppose that z G j(t — 1) U q(t — 1), and 

z first joined j{t') U q(t') at some time t' < t. Since z did not join the queue at time t' — 1 we have 
\F z (t' — 1)\ > 6'Q\F z (t z )\. Also, between times t' and t we only embed vertices that are in the queue 
or jumping the queue, or otherwise we would have embedded z before x. Now \Q(t) (lXi\ < 5qCh for 
i G R, or otherwise we abort the algorithm, and | J(t)nX z \ < y^Qn by Lemma 6.13 ii), so we embed 



at most 2y^Q|y 2 | vertices in V z between times t' and t. Thus we have catalogued all possible ways in 
which the number of vertices free for z can decrease. It may decrease by a factor of d\P 2(h 2> when a 
new z-regime starts, and by a factor 5'q during a z-regime before z joins the queue. Also, if z joins the 
queue or jumps the queue it may decrease by at most 2-^/5^1^41 in absolute size. Since z has at most 
2D neighbours, and |F 2 (0)| > c'\V z \, we have \F z (t)\ > (d 2 a D2(k ~ 2) 5' Q ) kD c'\V z \ - 2y%\V z \ > d u \V z \. □ 

From now on it will often suffice and be more convenient to use a crude upper bound of e* for 

hold in general (we can replace 12D by k 3 D 



4.14 



any epsilon parameter. The estimates in Lemma 
in (vi)). We also need some similar properties for plus complexes. In the following statement H + is 



to be understood as in Definition 6.8 but with x replaced by z. 



Lemma 6.23. Suppose z G X and S' C S G H + are unembedded and I is a subcomplex of H. Then 



(i) F^t) 1 ^ 2 is e k 3£) ^-regular. 

(ii) IfSeH then d s {F{t) I+z ) = d s (F(t)). 

IfS£H+\H then d s (F(t) I+z ) is d T (F(t)) if S = T c , T G / or 1 otherwise. 



S3 



(Hi) For all but at most e*\F(t) I s }~ z \ sets P G F(t) s ~^ z we have 

\F( t y s +z (p)\ = (i±e,)\F(tY+ z \/\F(ty s r\. 

(iv) d(F{ty s +z ) = (1 ± e*) Utcs 



d(F(t)'+«) 



\F(ty s i*\\F(t) I +*,\ d(F(ty s t z )d(F( t y s -[i 



I+z 



\I+z 



T:TC5,T^5',T^5\5' 



(mj Statements (iii-v) hold replacing fry F(i)^<^(i)[r] /or any e k 3 D ^-regular subcomplex 

T of F (t) 1 ^ (t) , such that dx(T) > e* w/ien defined. 



Proof. If S £ H then F(t)g 2 
Then by Definition 



6.8 



F(*) s <. Now suppose S e H+ \ H , say S = Tz c with T £ H. 
F(ty s t z = G + [F(t) U F(t)£] 5 < consists of all Py c with P G F(i) T and 
F 5 '2/ c G F s , z (t) c whendefined for all S'z G 1. Thus we can write = K{V + )[F(t)U F(t)j c } s <. 

Note that K(V + ) S > is e-regular with d s >(K(V + )) = 1 for any S' £ H + . Thus (i) and (ii) follow by 
regular restriction. The other statements of the Lemma can be proved as in Lemma |4.14[ □ 

Our next lemma concerns the definitions for marked edges in the algorithm. 
Lemma 6.24. 

(i) For every k -tuple E G H we have \M E t E (t)\ < 9' , ,.s\F E t(t)\, and in fact 
\M Et;E (t)\ < 9 v , Et{t) \F Et {t)\ for E G U(x). 

(ii) For every x and k-tuple E G U(x) we have \D X)E {t — 1)| < 9 v i t ^\F x (t — 1)|. 



Proof. Throughout we use the notation E = E 



t-i 



*4(* ~ 1) 



(i) To verify the bound for t = we use our assumption that (G,M) is (e, e' , d a , 9, ^-super- 
regular. We take I = ({0}), when for any v we have G Iv 

< 9\G E \. Since E° 



6.5 



Then condition (iii) 



6.6 



gives 



in Definition 
(c') 2k \G E \ by Lemma 



M E 



6.21 



G by Definition 
E we have M E>E (0) = M E nF E (0), where \F E (0)\ > 



Since 9 < d we have |M EjE (0)| < \M E \ < 9\G E \ < 9{d)~ 2 ' \F E {<d)\ < 



9q\F e (Q)\. Now suppose t > 0. When E G U(x) we have |M^ jE (t)| < 9 V * \F E t{t)\ by definition, 
since the algorithm chooses y = (p(x) ^ D XjE (t — 1). Now suppose E £/(x), and let t' < t 
be the most recent time at which we embedded a vertex x' with P G U(x'). Then E t = E l , 



(*') 



and \M Et i E (t')\ < 9 v i t (t')\F Et i (t')\ by the previous case. For any z G E l , we can 



bound |-F 2 (i)| using the same argument as that used at the end of the proof of Lemma 6.22 We do 
not embed any neighbour of z between time tf + 1 and t, so the size of the free set for z can only 
decrease by a factor of 5q and an absolute term of 2^/5qti. Since d z (F(t')) > d u 3> 5q we have 

" for every ^ 5 C £*, F 5 (t) is obtained 



3.11 



|F*(i)| >^|F(t / )|-2 v ^n> ±<%|F 2 (t')|. By Lemma 
from Fg(t?) by restricting to the 1-complex ({F z (t) : z G 5),{0}). If \S\ > 2 then Lemma 6.18 gives 
ds(F(t)) = (1 ± e*)d s {F{t')). Now d(i^t(t)) = (1 ± e*) riscB* <fe(F(t)) by Lemma 



6.15 



so 



(1±2 



n 

SCE* 



ds(F(t)) 
ds(F(t')) 



l±2 fc+2 e ,) J] 



dz(F{t)) 
dz(F(t')) 



> (S' Q /2) k /2. 
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Therefore \M E ^ E {t)\ < \M E i^ E {t>)\ < 6 u *\F E t{t')\ < 2(5' Q /2)- k 9„*\F E t(t)\ < 0' v *\F E t(t)\. 

(ii) The argument when x G E is identical to that in Lemma 4.15, so we just consider the case 
when x $ E. Then E t = E*' 1 ~ ~ 
v* > v. By Lemma 



6.10 



M EE {t) = M EE (t -Tjn%(t) we have 
D X)E (t - 1) = 



£. Note that when £ G we have P n yiVff(x) / 0, so 

we have F(t) E = F(t - l) H+x {y c ) E \ y = (F(t - \ vW)- Since 



:icF(f lV \M^ E (t-l)n(F(t-l)^\y)^)\ 
" Xi h \(F(t-l)»:?\y)(r)\ 



> 



Then 



E := £ |A% if ,(t - 1) n - l)g+ c * \ y)(y c )| 



veD XiE (t-i) 



y<ED x>B (t-l)\E x (t-l) 
> (1 - 2e„)MlAve(* " 1)1 " e.\F x (t - 1)|) - l)%+ x \/\F xC (t - 1)| 



(1 - 2e*)6 v *(\D x , E (t - l)\/\F x (t - 1)| - e*)\F(t - l)f^| 



Here we used |i ? a; c(t — 1)| = \F x (t — 1)|, and in the second inequality we applied Lemma 6.23 with 
a factor 1 — 2e* rather than 1 — e* to account for the error from deleting y (which has a lower order 
of magnitude). We also have £ < T, y eF x (t-i) We.e^ ~ l ) n ~ !)§ "fCi/ )!- This counts all 
pairs (y,P) with P G M E E (t — 1), y G — 1) and Py c G F(i — l)—" 1 ^, so we can rewrite it as 
^ <E P eM^ e (t-i)\ F (t-h^t x (P)\. By Lemma [d^ we have 



\F(t-m 
\F(t-l)«+ x (P)\ = (l±e*y 



H+xi 
Ex c ' 



H+xi 
E 



for all but at most e*\F(t - 1)§ +I '| sets P £F(t- l)g +x '. Since F(t - l)| +x ' = F E {t - 1) we have 

\F(t- l)f +a: | 

S < |A% B (t - 1)|(1 + e.) y: + e,|%(t - l)||F,(t - 1)|. 



Combining this with the lower bound on £ we obtain 
\D X}E (t-l)\ 



(1 - 2e» 



l^(t-l)| 



e* ] < (1 + e* ) , ^ , , TTi h e* 



1^-1)1 



|F(t-l) 



H-\-x I 



Now |M S£ (t - 1)| < 9' v \F E {t - 1)| by (i) and 



\F^(t-l)\\F x {t-l)\ 

\nt-D» + j\ 



< d u 2k <C 1 , by Lemma 



6.23 



so 



^(t-l)! " (l-2e.)0„. 



e* < 



□ 



The following corollary is now immediate from Lemmas 6.22 and 6.24 Recall that OK x {t — 1) is 
obtained from F x (t — 1) by deleting E x (t — 1) and D XjE (t — 1) for E G U (x), and note that since H 
has maximum degree at most D we have |?7(x)| < (k — 1)D 2 . 
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Corollary 6.25. \OK x (t - 1)| > (1 - 9*)\F x (t - 1)|. 

Next we consider the initial phase of the algorithm, during which we embed the neighbourhood 
N of the buffer B. We give three lemmas that are analogous to those used for the 3- graph blow-up 
lemma. First we recall the key properties of the selection rule during the initial phase. Since H has 
maximum degree D we have |yiV#(x)| < (k — 1)D for all x. We embed all vertex neighbourhoods 
VNh(x), x G B at consecutive times, and before x or any other vertices at distance at most 4 



from x. Then Lemma 3.12 implies that if we start embedding VNh(x) just after some time Tq 
then F z (Tq) = F z (0) n V z (Tq) consists of all vertices in F z (0) that have not yet been used by the 
embedding, for every z at distance at most 3 from x. Recall that ^(0) = G[T] a is either a set of 
restricted positions T z with \T Z \ > c'\G z \ = c'\V z \ or is G z = V z if T z is undefined. We chose B disjoint 
from Xl = X* U \J xe x VNh(x), so B U N is disjoint from X*. Thus for z G VNh(x) U {x} we have 
F Z {T ) = V Z (T ). We also recall that \B D V z \ = 5 B \V Z \, \N n K| < v^bI^I, |Q(?o) D K| < $q|^| 



and \J(Tq) n Vz| < \/oq|V^| by Lemma 4.3 ii) . Since 5q <C <5b <C c', for any z at distance at most 3 
from x we have 

|i^(T )| = \F Z (0) n V Z (T )\ > (1 - 4 /3 )|F,(0)|. (8) 



Our first lemma is analogous to Lemma 4.18. We omit the proof, which is almost identical to 



that for 3-graphs. The only modifications are to replace 2D by (k — 1)D, 12D by k 5 D, and Yli=i 
by a sum over at most Dr neighbours I G R of i; the estimates are still valid as 8b <C 1/Dr. 

Lemma 6.26. With high probability, for every S G R with \S\ = 2 lying over some i,j G R, and 
vertex v G G { with \G s {v)\ > d u \Vj\, we have \G 3 (v) D Vj(Tj)\ > (1 - <5j/ 3 )|G lS (v)| . 

Next we fix a vertex x G B and write VNjj(x) = {z±, ■ ■ ■ ,z g }, with vertices listed in the order 
that they are embedded. We let Tj be the time at which Zj is embedded. By the selection rule, 
VNh{x) jumps the queue and is embedded at consecutive times: Tj + \ = Tj + 1 for 1 < j < g — 1. 
For convenience we also define Tq = T\ — \. Note that no vertex of VNh(x) lies in X x . Our second 
lemma shows that for that any W C V x that is not too small, the probability that W does not 
contain a vertex available for x is quite small. 

Lemma 6.27. For any W C V x with \W\ > e*\V x \, conditional on any embedding of the vertices 
{s(u) : u < Ti} that does not use any vertex ofW, we have F[A X n W = 0] < 0*. 



Proof. The proof is very similar to that of Lemma 4.20 so we will just describe the necessary 
modifications. We note that since B U N is disjoint from X* we do not need to consider restricted 
positions in this proof. Suppose 1 < j < g and that we are considering the embedding of Zj. 
We interpret quantities at time Tj with the embedding <j)(zj) = y, for some as yet unspecified 
y G F Z] (Tj - 1). We define Wj, [Wj], {Tj - 1), Df. E (Tj - 1) and the events A itj as before 
(replacing triples with fc-tuples). The proofs of Claims A, B, C, E and the conclusion of the proof 
are almost identical to before. We need to modify various absolute constants to take account of 
the dependence on k, e.g. changing 20 to 2 k+2 in Claim A,12 to k 3 in Claim E, and g < 2D to 

I I I 1 /Q 

g < (k — 1)D. Also, when we apply equation (8) instead of (5) we will replace 2\Job by 6 



B ■ 

To complete the proof of the lemma it remains to establish Claim D. This requires more substan- 



tial modifications, similar to those in Lemma 6.24, so we will give more details here. Suppose that 
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Aij—i and A2,]— 1 hold and E is a fc-tuple containing x. As before we write E = E T i 1 , v = v~(Tj—V), 
u* = l/jp^Tj) and B Zj = E Zj (Tj - 1) U Ef.{Tj - 1). Again we have \B Zj \ < 2e*|J%(T^ - 1)|. We 
are required to prove that |D^ B (Tj - 1)| < 9 v *\F z .(Tj - 1)|. The proof of Case D.l when Zj G F 
is exactly as before, so we just consider the case Zj ^ E. In Lemma 4.20 we divided this into Cases 
D.2 and D.3, but here we will give a unified argument. 

Sup pose that zj <£ E. Then E T i = E T ^ 1 = E. Also x G F n VN H (zj), so / > v. By 



Lemma 



6.10 



we have F(Tj) E = F(Tj - l) H+z ^y c ) E \ j, = (F(Tj - 1)*+* \ y)(y c ). Now W, 



Ez<; 



W3-1 n F^ATj - l)(y) = Wj-i n F(Tj - l)* z P(y c ), so 



WdWs\ = (m - 1)1? J \ v){y c )[W 3 ] = (F(Tj - l^iWj-x] \ y)(y c ). 



Since M EE (Tj) = M E E (Tj — 1) n F E {T 3 ) we have 



dZe(Tj -1) = { 



H+z, 



y€F z m-l): 



\MzJTj - 1) n (F(Tj - i);:; j [w^] \ y )( y c )\ 



KFiTj-l^iW^y)^)] 



> 



'Ez 



Then 



£ |M E>S (T, - l) n (FCZ} - [W^-i] \ y)(y c )\ 



> 



Y, |(F(r,-i)f^[^-i]\y)(y c )l 



> (1 - 2e*)MI^ T i - 1)| - 26*1^.(7) - 1)|) |F(T, - 1)^ [W i _ 1 ]|/|^(T, - 1)| 



H+z, 



Ez<r 



(1 - 2e,)MI^(2) - l)\/\F Z] {T 3 - 1)| - 2e*)\F{T 3 - - 1) 



Ez c , 



\w. 



J-1J 



Here we used \F z c(Tj — 1)| = \F z .(Tj — 1)| and Lemma 6.23 with T = (Wj_i,{0}), as usual denot- 
ing the exceptional set by B 1 ; the factor 1 — 2e* rather than 1 — e* accounts for the error from 
deleting y (which has a lower order of magnitude). We also have S < YlyeF z -{Tj-i) ~ 



1) n F(Tj - l)^\Wj-i]W)V Thi s counts all pairs (y,P) with P G M EE (Tj - l)[^_i], y G 



F^ (Tj - 1) and Py c G F(7} - [W}_i], so we can rewrite it as S < Epgjife.^-l)^.,] TO 



l)l + c % [^i-l](^)l- By Lemma 



6.23 



we have 



\F(Tj-l)~t Zj [W : 



\F(T j -t%g>\W j - 1 ]{P)\ = (l±u) 



for all but at most e*\F(Tj - l)J +2j [Wj-i]\ sets P G F(T 3 - - 1) 



-Ez? 



'j-U 



i-U 



Since F(Tj — 1)-^ J = F E (Tj — 1) we have 
S^lM^CTj-lJ^-ilKl + e.) 



l%m-i)[^-- 



+ €.|%(r j -i)[w J -_ 1 ]||F,.(^-i)|. 
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Combining this with the lower bound on S we obtain 

(\DY.E{Tj-l)\ \ 



Now IM^CZ) - l)[W>_i]| < - 1)| by A 2 ,j-i and 



by Lemma 6.23 



so 



I^Pi-Dl^l+^-f;^ _ 



^,(^•-1)1 (l-2e*)e„ 

Our final lemma for the initial phase is similar to the previous one, but instead of asking for a set 
W of vertices to contain an available vertex for x, we ask for some particular vertex v to be available 
for x. 

Lemma 6.28. For any v G V x , conditional on any embedding of the vertices {s(u) : u < T±} that 
does not use v, with probability at least p we have <j)(H(x)) C (G \ M)(v), so v G A x . 



Proof. We follow the proof of Lemma 4.21, indicating the necessary modifications. We note again 
that since B U N is disjoint from X*, restricted positions have no effect on any z G VNjj(x) U {x}. 
However, we need to consider all vertices within distance 3 of x, so some of these may have restricted 
positions. The bound in equation Q will be adequate to deal with these. By Remark [6. 4| we also need 
to clarify the meaning of neighbourhood constructions, which are potentially ambiguous: F(Tj)(v)s 
is F(Tj)sx( v ) when Sx G H or undefined when 5a; ^ H. 

For z G VNjj(x) we define a z as before. We also define as = 1 for S £ H with \S\ > 2. As before, 
we define v' s {t) similarly to v'g(t), replacing 'embedded' with 'allocated'. Suppose 1 < j < g and 
that we are considering the embedding of Zj. We interpret quantities at time Tj with the embedding 
4>{zj) = y, for some as yet unspecified y G Fz 3 {Tj — 1). We define E v z .{Tj — 1) as before, except that 
the condition for \S\ = 2 now applies whenever \S\ > 2. We define y'h\ F(Tj)^ v and D^* v E (Tj - 1) 
as before. Properties (i-iv) of Z hold as before. We define the events Aij as before. 

Recall that we used the notation Z C Y, Z' = Zzj, I = {S C Z : S G H(x)}, I' = {S C Z' : S G 
H(x)}. Here we also define J = {SC Zx : S G H} and J' = {S C Z'x : S G ff}. Using the plus 
complex notation we can write 

F{T J )*?=F{T j ) JJ »( 1 ns*' (-HB3H) 
To see this, we need to show that P G F(Tj)§* v ^ Pv c G F(Tj) J s +?. Recall that F(Tj)§* v consists 
of all sets P G Ps(Tj) such that P s >v G F s > x {Tj) for all S'CS with 5' G J. Also, from Definition 



6.8 



V) we have Pv c G P(Tj)s~x~c if and only if P G F{Tj)$ (this is the restriction from F) and 
P 5 't; c G (P(Ti)jc W = F ( T j) S 'x- for ever y with S'z G J. Since 5' G I ^ S'x G J, this is 

equivalent to the condition for F(Tj)^* v , as required. 



8N 



The proof of Claim A is similar to before. Instead of the bound |F 2 (To)| > (1 — 2\/5b)|V^| from 

I I ^ In I I 

equation (5) we use |Pz(To)| > (1 — <5 B )\V Z \ from equation (8). We again have \F z (Tq) n G{v) z \ > 
(1 - 5g /3 ) G(v) z \ for z G VN H {x) by Lemma 6.26 using the fact that z X*. Again, A^o holds by 



definition and Lemma 6.26 implies that A\ o holds with high probability. The arguments for A^o 
and A3,o are as before, modifying the absolute constants to take account of their dependence on k. 
(In the A2fl argument we have P(0)f™ = G% , where we let J also denote the submulticomplex 
{i*(S) : S G J} of R.) The proofs of Claims B and E and the conclusion of the lemma are also 
similar to before. As usual we replace triple by /c-tuple, 2D by (k — 1)D and 12D by k 3 D. Also, in 
Claim E we previously estimated 2D 2 choices for E then 8 choices for Z; here we estimate (k — 1)D 2 
choices for E then 2 k choices for Z. To complete the proof of the lemma it remains to establish 
Claims C and D. These require more substantial modifications, so we will give the details here. 

We start with Claim C. Suppose that Alj-i and A3J-1 hold. We are required to prove that 
\E v z .(Tj - 1) \ E z . (Tj - 1)| < e*\F xx .{Tj - l){v)\. For any S G H we write v" s = v" s [Tj - 1) and 
v* s = v's{Tj). Consider any unembedded ^ S G H(x) n H(zj). Note that v* s > max{f^, u'g x , v'g z .}. 
Applying the definitions, it suffices to show that for all but at most 3 \F xz .(Tj — l)(v)\ ver- 
tices y G F xz .(Tj - l)(u) \ E Sj (Tj - 1), F Sx {T 3 ){v) is e^-regular with' ds(F(Tj)(v)) = (1 ± 
e^ i i)fe( J F , (T i ))ds(F(T i ))a 5 . We claim that 



l) H + z i 



(vy c 



To see this we apply Definition 6.8, which tells us that for P G F(Tj — l)s, vo G F(Tj — l) x 

' ' H-\-z ■ 

and yo G F(Tj — l) z . we have Pvo2/o G F(Tj — l) Sxz c exactly when Pvq G F(Tj — l)sx and 
(Pv ) S >yo G F(Tj - l) s , Xj for all 5' C Sx, S' G H{zj). Therefore F(Tj - 1) H+Z ^(vy c ) s consists of 
all P G F(Tj - l) s such that Pv G F(Tj - l) Sx and (Pv) s > G F{T 3 - - 1) S ' Z (y) for all S' C 5s, 



5' G H(zj). By Definition 3.7 this is equivalent to Pv G F(Tj)s x , i.e. P G Fs x (Tj)(v) as claimed. 



(We do not need to delete y as 5 and x are in H{z 3 ). 

l\c 



By Definition 



6.8 



^ F(Tj 



Sxz . if G H or consists of all Py c with 



P G P(T J - l) Sx , y G F(Tj - l) z . and P s ,y G F{Tj - l) s > Zj for 5' C Sx with 5' G H( Zj ). Thus 



F^-l) 



is F(T 3 -1)% (v) if Sxz, G P or F(Tj—l) [F(T 3 - 1) 



if Sxzj ^ P. Either 



6.19 



6.22 



F( Tj - l)Jf v 

and the fact that F(T 3 — l)g z . is a copy of 
Also by Asj-i, d Sz c(F(T 3 -\) H ^(v)) is 
P or (1 ± e,,, , 2 )^(P(Ti - 1)) if Sx Zj $ 



way we can see that is e v n 2 -regular: i n the first case we write F(Tj — l)sxzA v 
and use A3J-1; in the second case we use Lemma 
F(Tj — l)s Zj , which is e„« ^-regular by Lemma 
(1 ± e,, 2 )d S Zj(F(Tj - rfidsxzjWTj - 1)) if Sxlfe 

H. Similarly, F(Tj — l)g x Z] (v) is e^/' j2 -regular with 
l))d fe (P(Pi - l))a s . 

Since x G H{zj) we have F(Tj - l) H+z ^(v) z c = F xz .(Tj - l) c (v). By Lemma 
at most Y^S'cSxzj^L^FxzjiTj - l)(v)| vertices y G F XZ] (Tj - l)(v), writing -q ■■ 



1 



») 



1 ± e ^ )2 )d s (P(T i - 



6.16 



for all but 



+ e,// 



,3) 



P& (!))(?;) = P(T i - l) H+z i{v){y c ) s is r/-regular with 



^(P^)^)) = d s (F(T 3 - 1) H+Z >(vy c )) 



{l±r,)d s (F{T 3 - l) H+z >{v))d Szi (F(T 3 - 1 



\H+ Zl 



(»))■ 



(1 ± 377)d5(P(Ti - 1))^(P(T J - 1))q s • d 52j (P(Pi - l))fe 2j (P(Pi - 1)) 
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This gives the required regularity property for Fs x (Tj)(v). Next, (tggj) gives 



d s (F{Tj)) = (1 ± e^, )ds(F(r i - l))d S2j (F(T, - 1)) and 
ds as (F(r i )) = (l±e I/ . B>0 )ds a> (F(r j 

so since > maxf^,^,^.} we have ds(F(Tj)(v)) 
proves Claim C. 



l))fe Zi (F(T i -l)) ls -i^, 

(1 ± e„. l )d Sx (F(T j ))d s (F{T j ))a s . This 



It remains to prove Claim D. Suppose that Aij-i, -^2,j—i and ^3,j-i hold, F G U(zj), Z C 



F and Z' = Z U z,-. As before we write F = F T -* 1 , 



1 



j? i 



(^), B 2 



6.10 



E Zj {Tj — 1) U E z .(Tj — 1). Since E G P(£j) we have v* > za We are required to prove that 
\D^'* E (Tj — 1)| < 6 v *\F XZj (Tj — \){v)\. The proof of Case D.l when Zj G E is exactly as before, so 
we just consider the case Zj ^ E. 

Suppose that Zj £ E. Then E T i = E T i~ x = E. By Lemma 
F{Tj)e = F(Tj - l) H+ *i (y c ) E \ y = (F(Tj 

We claim that 



we have 

H+ 



\y)(y c 



\Z*v 



F(T, 



, -i) H+Zj (y c ) 



C\J+V 



\y = F(Tj - lf +v (v c ) H +*i(y%<\y. 



For the first equality we use (-HR3bD to get F(F/)£^ = F(Tj) J+v (v c )^- 



6.10 



f and substitute F(Tj 
For the second equality we apply Definition 

H+Zi ( a ,C\J+VI 



6.8 



as follows. 

\H+Zj 



F(Tj — 1) H+Z i (y c ) \ y from Lemma 

Suppose SCI We have P G F(Tj - l) H+z > {y c ) J+v (v c ) s exactly when P G F(Tj - 1 
and P s >v G F(7) - {y c ) s > x for all 5' C S with S'x G J. Equivalently, P G - l)s, 

Puy G F(2} - l) Uzj for P C S with P G H(zj), P S >v G F^ - 1)^ and (Pv) s »y G F(T, - l) s „ z , 
for 5" C S with S"x G J and S" C S"x with 5" G H(zj). Note that it is equivalent to assume 
x £ S" , as otherwise the S"' condition is covered by the U condition. Writing W = S" \ x and using 
J = {A C Zx : A G F} we have 



P G F(Tj - l) H+ **(|/ c ) J+1 '(i; c )s if and only if P G F(Tj - l) s , P v y G F(T j - l) UZj for [7 C S 
with P G F(^), Ps'V G F(Tj - 1)^ for S' C 5 n Z, 5' G F(x), and P^/vy G F(Tj - 1)^ for 
WCSn2 with W G H(xzj). 

On the other hand, we have P G F(Tj - 1) J '+ V ( v c ) h+z j (y c ) s exactly when P G F(Tj - 1) J ' +V {v c ) s 
and Pf/y G F(Pj - 1) J ' +v (v c ) UZj for all P C 5 with P G F(^). Equivalently, P G F(Tj - l) s , 
P s >v G F(Tj - l) s , x for S'CS with S'x G J', Pc/y G P(r,- - l)u z . and {Py) w v G F(T, - 1)^ 
for P C S* with P G H(zj) and 17' C Pz,- with P'x G J'. Note that it is equivalent to assume 
Zj G P', as otherwise the P' condition is covered by the S' condition. Writing W = U'\ Zj and using 
J' = {A C Z'x : A G F} we have 

P G P(T i -l) J '+^(w c ) H+ ^(y c ) 5 if and only if P G F(Tj-l) s , P S 'V G F{Tj-l] 



S'x 



for 5' C SDZ' 



SHZ with 5' G H(x), P v y G P(T j - l) Uz . for P C 5 with P G P(^), and P w yv G P(T j - L 
for W C 5 n Z with G P(xzj). 



WzjX 



This proves ( l ie.28 )■ Now, since Mg E (Tj) = M E E (Tj — 1) n F E (Tj) we have 

\M EE {Tj ~ 1) n (F(Tj - 1 



|(pm-i)^(^ c )?^\y)(y c )l 



> 
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Writing B' z for the set of vertices y G F(Tj - l) J ' +v (v% 3 = F(Tj - 1) xzj (v) for which we do not 
have 

\F(T 3 - l) J ' + > c )f; z V)l = (1 ± e*)\F(Tj - l) J '+> c )f + Zj \/\F(Tj - l) xz .(v)\, 

3 3 



we have \B' \ < e*\F(Tj — l) X Zj(v)\ by Lemma 6.20 Here we use the fact that the 'double plus' 
complex is e^j^-regular; this proof of this is similar to that of Lemma |6.23 i): F(Tj — 1) J ' +V is z^dx 
regular, F(Tj — l) J ' +v (v c ) is e fc 3£) i2 -regular by Lemma 6.16, F(Tj — \)- r+v {v c ) H+z ^ is e^^-regular. 
Then 



3 

E l(^'-i) J ' +,; (^)fJ: 2j \y)(y c )l 

3 



> 



> (1 - 2e*)M|i>^(T j " !)l " e *l F ( T i " 1W«)I) ^p( Tj 1 ) ( r 
= (1 - 2e*)^(|<I(T j - 1)|/|F(T, - 1)„,(«)| - ^Fft - 1) J ' + > C ) 



J'+v(„,c\H+Zj | 
Ez c - 



We also have 



£ < E - 1) n f(t, - i) J '+> c )§^(y c )|. 



This counts all pairs (y, P) with P G M^ E (Tj - 1) n F(Tj - 1) J ' +1, (?; c )| + ^ , y G F Mj (2j - 1)0) and 
Py c G F(Fj — 1) J +v (v c )g zC Zj , so we can rewrite it as 



£ < 



psa% B (r i -i)nJ!'(r i -i)J'+»(«cA. z i 



E |F(T,-l)^0 c )f^'(P)|. 

For all but at most e*|F(T j - l) J '+ v (v c )^ +Zj | sets P G P(T j - 1) J '+^(t; c ) , we have 
\F(Tj-iy'+ v (v c )^(P)\ = (l±eJ- 



|F(T- -l) J '+^0 c )§ +2 i 



(Recall that the 'double plus' complex is 3 -regular and use Lemma 6.20 ) Therefore 



£ < IM^^ - 1) n F(F,- - 1) J '+> c )§+* | ■ (l + €,= ) 
+ e*\F(T 3 - l) J '^(v% +Z3 \\F(T, - l) XZj (v)\ 



iF^-iy+^v^ 



Ez<j 
H+Zi 
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Combining this with the lower bound on E we have 



(1 - 2e*)9A\D Z ':m - WlF^Tj - l) XZj (v)\ - e* 



< U + e* 



iM^Tj-ynFiTj-iy'+^v^ 
\F(Tj -l) J ' +v (v c )§ +Zj \ 

- ly'+^v^mT, - i) XZ] {v) 

\F(Tj- 1)^(^)1^' 



H+Zi 



Since Zj ^ E, Definition 
F(T j -l) J +"(v c )z = F 



6.8 



T, — 1 



\Z*v 



and equation j+iosf give F(Tj - 1) J '+*> C )J + ^ = F(Tj - 1) J ' +V (v c ) 



so 



IMg^CTj - 1) n F(2j - l) J '+> c )f +z i < 0^(2}- - 1) J '+> C )§ +2 



by A2J-1. We also have 



1^(^-1)^(^)1^' 1 



similarly to Lemma 6.23 v) (the statement is only for F(t), but the estimate for the densities is valid 



for any e^^-regular complex). Therefore 



F X zj(Tj — l){v)\ < (1-26*)^ +e * < V ' 



□ 



The analysis for the conclusion of the algorithm is very similar to that for 3-graphs, with the 
usual modifications to absolute constants to account for their dependence on k. The only important 



difference is to take account of restricted positions. Lemma 4.22 (the 'main lemma') holds, provided 
that we assume that the set Y is disjoint from the set X* of vertices with restricted positions. We 



applied Lemma 4.22 in the proof of Theorem 4.23 to show that it is very unlikely that the iteration 



phase aborts with failure. This required an estimate for the probability that a given set Y C J5Q of 
size <5q|X| is contained in Q(T) (the vertices that have ever been queued). Since |X* n X,| < c\Xi\ 
and c <C Sq, we can apply the same argument to Y \ X*, which has size at least ^<5q|X|. The 



remainder of the proof of Theorem 4.23 is checking Hall's condition for the sets {A' z : z £ S}, where 



S Q Xi(T) C B. No changes are required here, as we chose the buffer B to be disjoint from X*. 



This completes the proof of Theorem 6.12 



6.5 Obtaining super-regularity and robust universality 

We conclude with some lemmas that will be useful when applying the blow-up lemma. We start 



with the analogue of Lemma 5.9, showing that one can delete a small number of vertices to enforce 
super-regularity. 
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Lemma 6.29. Suppose 0<eo<^e<^€'<^d a <^9<^ 1/Pr, d, 1/k, we have a multi-k- complex R on 
[r] with maximum degree at most Dr, and (G, M) is an R-indexed marked complex on V = Ui^nVi 
such that when defined Gs is e^-regular, \Mg\ < @\Gs\, ds(G) > d a when \S\ > 2 and ds(G) > d 
when \S\ = k. Then we can delete at most 2# 1//3 |Gj| vertices from each Gi, i £ R to obtain an 
(e, e' , d a /2,2\/#, d/ 2) -super-regular marked complex (G$,M$). 



Proof. The proof is similar to that of Lemma |5.9[ so we will just sketch the necessary modifications. 
Similarly to before, for any i, S such that i £ S, \S\ = k and Gs is defined we let Y^gu be the set 
of vertices v E Gi for which |M5(f)| > 6\Gg(v)\. We also let Z^gu be the set of vertices v E Gi 
such that we do not have |Gs(?;)| = (1 ± e)|Gs|/|Gj| and G s <(v) is e-regular with ds'\i(G s <(v)) = 
(1 ± e)d s ,\i(G)d s >(G) for i C S' C S. As before we have \Z i>s \i\ < e\G t \ and \Y i>s \i\ < ^VO. Next, 
consider any &:-tuple S containing at least one neighbour of i in R such that Gs is defined, and any 
subcomplex I of Si- such that Gs> is defined for all S' E I. We let Y/ s be the set of vertices v E Gi 
for which |(M n G Iv )s\ > \/0|Gg |. Note that we only need to consider S containing at least one 



neighbour of i in R, as otherwise we have Gc 



be the union of all Z^gi with i ^ S' C S, \S'\ = k — 1. Recall from Lemma 
If v £ Zi t s then is -^/e-regular by regular restriction and \G I+i (v c )g 



Gs, and \Mg\ < 0\Gs\ by assumption. We let Z^g 

Ollthat G{v = G I+i (v c ) s . 



Lemma 



6.20 



Then £ = £„ 6 w |(M n G J «) S | = £ w6 w |(M D G I+i (v c )) s \ satisfies 



that G^ 
(l±e')|G^ 



\Gi\ by 



ke\Gi\)(l 



\G S V\ 



\Gi 



We also have £ < E^eG^Pf n G /+i (« c ))s|, which counts all pairs (v, P) with P E M5, v £ Gi and 



Pv c E G /+ \ By Lemma [6.20 
sets P E G{, + \ Since G s +l 



we have |G /+i (P); 
G5 we have 



(1±0|G£ 



I-N| 
5« c 



|G^ +i | for all but at most e'|G^ +i | 



Z< Yl |G /+i (P) 4C |<|M 5 |(l + 6')|G^|/|G5|+ e , |G 5 ||G,|. 



PeM s 



Combining this with the lower bound on £ and using \Ms\ < 0\Gs\ we obtain |YVg|/|Gi| < 
^{1 e^K/6T~ + ^ e < 2\/#. Let y» be the union of all such sets Y^g^ and Y/ 5 . Since 6* <C 1/Pr 
we have |Yi| < fl 1 / 3 ^ as in Step 1 of Lemma 5.9 We define Z[ j, Zi and obtain \Zi\ < y/e\Gi\ as in 



Step 2 of Lemma |5.9[ Now we delete YiU Zi from Gi for every i E P; as in Step 3 of Lemma 5.9 this 
gives an (e, e' , d a /2, 2y9, d/2)-super-regular marked complex (G\M*). 

The next lemma is analogous to Lemma |5. lit we omit its very similar proof. 



□ 



Lemma 6.30. (Super-regular restriction) Suppose < e <C e' <C e" <C d a <C <C d, d', l//c, we 
/iaue a multi-k -complex R, and (G, M) is a (e, e', d a , 6*, d) -super-regular marked R-indexed complex on 
V = Ui^jiVi with Gi = V% for i E P. Suppose also that we have V( C /or i £ R, write V' = Uj g i?V^, 
G' = G[V] 3 M' = Af[V], and ffarf > cf|^| and \G' s (v) nV(\> d'\Gg(y)\ whenever S E P twtfr 
|5| = 2 Zies over i,j £ R and v £ Gj. Then (G', M') is (e ; , e", d a /2, \/#, d/ 2) -super-regular. 



More generally, the same proof shows that super-regularity is preserved on restriction to a dense 
regular subcomplex T, provided that the singleton parts of T have large intersection with every 
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vertex neighbourhood. More precisely, suppose (G, M) is as in Lemma 6.30 and T is an e'-regular 
subcomplex of G with \T$\ > d'\Gs\ when defined and \Gs(v) r\T{\ > d'\Gs(v)\ whenever S £ R 
with \S\ =2 lies over i,j G R, v G G,- and 1^ is defined. Then (G, M') is (e', e", d'd a , cW)-super- 
regular. Next we will reformulate the blow-up lemma in a more convenient 'black box' form. The 
following definition of robustly universal is more general than that used for 3-graphs, in that it allows 
for restricted positions. 

Definition 6.31. (Robustly universal) Suppose R is a multi-k- complex R and J is an R-indexed 
complex on Y = Ujg/jYj with Ji = Yi for i G R. We say that J is (c", c)-robustly D-universal if 
whenever 

(i) Y( C Yi with \Y(\ > c*\Yi\ such that Y' = U ieR Y?, J' = J[Y'] satisfy \J' s (v)\ > c*\J s (v)\ 
whenever \S\ = k, J$ is defined, i G S, v G J[, 

(ii) H' is an R-indexed complex on X' = L)i£ R X' i of maximum degree at most D with \Xt\ = \Y-\ 
for i G R, 

(Hi) X* C X' with |X* n X[\ < c\X,i\ for all i G R, and T x C Y' x with \Y X \ > S\Y' X \ for x £ X*, 

then there is a bisection <p : X' — > V with 4>(Xl) = V( for i G R such that 4>{S) G Js for S G H' and 
(j)(x) G T x for x G X*. 

More generally, one can allow restrictions to regular subcomplexes in both conditions (i) and (iii) 



of Definition 6.31 , but for simplicity we will not formulate the definition here. As before, one can 



delete a small number of vertices from a regular complex with a small number of marked /c-tuples 



to obtain a robustly universal complex. As for Theorem 5.13, the proof is immediate from Lemma 



6.30, Definition 6.31 and Theorem 6.12 



Theorem 6.32. Suppose < 1/n < l/n R <e<c<d tt <d a <0< c 9 ,d,l/k,l/D R ,l/D, we 
have a multi-k -complex R on [r] with maximum degree at most D R and \R\ < n R , G is an e-regular 
R-indexed complex on V = Ui^ R Vi with n < \Vi\ = \Gi\ < Cn for i G R, ds(G) > d a when \S\ > 2 
and ds(G) > d when \S\ = k, and M C G= with \Mg\ < 0\Gs\ when defined. Then we can delete at 
most 20 l ^\Gi\ vertices from Gi for i G R to obtain G" and so that 

(i) d(G s ) > $ and \G s {v)\ > d»|G^/|Gj| whenever \S\ = k, G s is defined, ieS,ve G\, and 

(ii) G" \ M" is (c",c) -robustly D-universal. 

Finally, we mention that one can allow much smaller densities in the restricted positions, provided 
that one makes an additional assumption to control the marking edges. We can replace d by d a in 



condition (v) of Theorem 6.12, provided that we add the following additional assumptions: 



(v.l) |Af5(«)| < 0|r s (u)| when \S\ = k, T s is defined, i G S and v G r f , 

(v.2) |(M n G[r] 7 -) 5 | < 6»|G[r]^'| for any submulticomplex / of R, when \S\ = k, v G Gi and 

sr\VN R (i) / 0. 
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Note that these conditions ensure that the marked edges are controlled in G\T] exactly as in conditions 
(ii) and (iii) of super-regularity, so the proof goes through as before. In this general form there is no 
simplification to be gained by reformulating the statement in a black box form. We suppressed this 
refined form in the statement of Theorem 6.12 to avoid overburdening the reader with technicalities, 
but we note that it may be needed in some applications. Indeed, one may well have to generate 
restricted positions using neighbourhood complexes in G, and then d will be of the order of the 
densities in G. 



6.6 Concluding remarks 

The theory of regularity and super-regularity for hypergraphs is considerably more involved than 
that for graphs. As explained in Section [3j these technicalities cannot be avoided, but the black box 



reformulation in Lemma 6.32 should make the hypergraph blow-up lemma more convenient for future 
applications. The graph blow-up lemma has had many applications in modern graph theory, so it 
is natural to look for hypergraph generalisations of these results. However, many such applications 
build on basic results for graphs for which the hypergraph analogue is unknown. For example, in 
our application in Section [5j we only needed a matching, and were able to rely on Kahn's matching 
theorem, which is already quite a difficult result. Thus one may expect it will take longer for the 
hypergraph blow-up lemma to achieve its full potential. 

Another question for future research is to obtain an algorithmic version of our theorem, along 
the lines of the algorithmic graph blow-up lemma in [27J. In applications this could be combined 
with an algorithmic version of hypergraph regularity given by [6]. A rather different direction of 
research would be along the lines of the 'infinitary' versions of hypergraph regularity theory, whether 
probabilistic [H US] , analytic [M] , model theoretic [7] or algebraic pUl EE] • It is natural to ask whether 
the blow-up lemma has an interpretation in any of these frameworks. 

Further refinements could include estimating the number of embeddings, rather than just proving 
the existence of a single embedding as in this paper. Here it may be helpful to note that one can 



combine Lemma 6.28 with martingale estimates to show that with high probability there will be at 
least \p\B n X v \ vertices x G B n X v such that <j)(H{x)) C (G \ M)(v). We also note that small 
improvements to the tail decay of our martingales may be obtained from the Optional Sampling 
Theorem (see e.g. [14] p. 462). One could also try to obtain (nearly) perfect edge-decompositions of 
super-regular complexes into copies of a given bounded degree hypergraph. For example, one could 
ask for hypergraph generalisations of a result of Frieze and Krivelevich [llj that one can cover almost 
all edges of an e-regular graph by edge-disjoint Hamilton cycles 
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for drawing my attention to a significant oversight in an earlier version of this paper. That version 
contained a weaker version of the blow-up lemma, which assumed a dense environment that cannot 
be guaranteed in many applications. In particular it was not adequate for the application that I 
give in this paper. I also thank the anonymous referees, Daniela Kiihn, Deryk Osthus and Richard 
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Note added during revisions: Frieze and Krivelevich now have a preprint on this topic. 
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Index of notation and terminology 



(•), see neighbourhood, see Fg{t) 
(■)+ 74 
(•) c , 74 

A-, 11 

A x , 22, 39 
Aij, 39, 46 
P, 5 

B i* 67 
P^,41, 46 

C s >*, 68 

C s <(t), 14 

" 1), 45 

78 

A^t-l), 22 
E, 3 

E(H), 3 
P^I) - 1), 39 
E\ 17, 73 
E° s .(Tj - 1), 45 
P^-l), 21, 29 
E, 32 

F(T,)fr, 45 
F(t) s , 74 
F I+X , 75 
Pr, 74 

F s (t), 14, 73, 74 
F s (t-l)w, 14 
F x (t), 5 
P 5 <(i), 16 
F s <(t), 14, 73 
P 5x (t-l)(y), 14 
G, 4, 73 
G * G', 23, 73 
G[P], 60 
G°, 62 
G J », 17, 73 
G=, 18, 74 
G 7 , 62 



H, 4, 73 
P', 45 
H(S), 3 

P[-], 13 
P 5 , 3 
Hj, 11 

p;, 13 

h s , ii 
p 7 <, n 
p 7 <, n 

I, 46 
I', 46 
J(t), 20 
K(S'), 67 
P(-), 11 

K r ,s, 58 
L(t), 5 

M, 12, 62, 73 
M Bt)E (t), 17, 73 
N, 5, 67 

OK, 6, 35, 40, 46, 78, 86 

P, 60 

PjJ, 61 

Pa, 60 

Q(t), 5 

R, 67, 73 

P', 67 

S.x, 14 

5/, 15 

T, 6, 22 

To, 8, 38 

T u 36 

Tj, 8, 38 

Pi 23 (G), 3 

U(x), 22 

V, 4, 73 

V(P), 3 

V(*)> 5 
VN H (x), 3 

V#)> 5 
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V x , 5 u* s , 48 

W, 39, 86 u s (t), 21, 78 

X, 4, 73 z^(t), 21, 78 

K, 78 £, 41, 45 

5 0, 5, 20, 73 

77 \y, 15 

X l (t), 5 C, 71 

Y, 45 a ± 6, 2 

Z, 45, 46, 67 a, 62 

Z', 46, 67 a-bounded, see bounded 

Zi,A, 67 ai, 67 

[W}], 39 c, 78 

[n], 2 c', 78 

A, 61 c\ 65 

r, 77, 93, 94 d' w (j), 67 

Aj(t), 36 d(-ffj), 13 

$(r,V), 61 d\ 65 

n £j (t), 37 dj(f0, 13 
a, 67 62 

as, 88 d u , 5 

a 2 , 45 d w (j), 67 
/?, 67 6 

O, 23 g, 8, 38 

(<J>2 i(5),H 

(<J.2 ^(S),71 

(*),2 i(i),20 

5, 67 m, 67 

5 «K, 78 

5 B , 5 P, 5 

<5g, 5 Po, 5 

e-regular, see regular l(t), 5 

<y 5 5 ; 67 r-partite, see partite 

€, 71 s(t), 5 

E*, 23 t, 14 

<, 60, 72 t'(S), 66 

<, 3 tW, 66 

co(t), 66 if, 22 

i/, 32, 41, 45 v, 35 

z/-close, see close w(S')) 67 

v" s , 48 a:, 14, 35 

i$(t), 45 2/, 14, 39 

21, 78 2j, 8, 38 

z/* , 32, 45 *, see H*, €*,G*G', Q, F(Tj)%2>, i*(S), P% 
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3-complex, 11 

3-graph blowup lemma, 19 

absolute density, 13, see density 

allocated, 45 

annotated e, 20 

annotated 9, 20 

available, 22, 35, 39 

average, 29 

Azuma, 66 

black box, 65, 94 
bounded, 61 
buffer, 5 

buffer parameter, 5 
cell, 60 

cell complex, 60 
Chernoff, 59 
close, 61 
cluster, 58, 67 
complete, 11 
complex-coloured, 74 
complex-indexed, 70 
composition, 23, 73 
concatenation, 11 
conclusion, 55 
consistent, 60, 72 
copy, 71, 75 

dangerous, 22, 39, 45 
denned, 11 
degree, 3, 77 

dense counting lemma, 62, 80 
dense setting, 12 
density, 3, 10, 13, 73 

edge set, 3 

empty complex, 13, 15 
equitable, 61 

exceptional, 21, 29, 39, 45, 78, 82 

fractional matching, 66 
free, 4, 5, 14, 73 

good, 6-8, 22, 29, 78, 86 



graph blow-up lemma, 4 

.ff-coloured, see complex-coloured 
heavy, 60, 69 
homomorphism, 62 
hypergraph blow-up lemma, 77 

/-density, 13, see relative density 
index, 11 

initial phase, 8, 35, 86 
intersection, 11 

jump, 20 

A;- complex, 3 
fc-graph, 3 

lies under, 60 
list, 5 

local, 16, 73, 86 

locally consistent, 14, 16, 73 

main lemma, 9, 55 
marked, 17, 73, 84 
marked complex, 12 
martingale, 66 
matching, 58, 66 
multi-fc-complex, 71 
multi-index, 71 
multicomplex, 71 
mutually consistent, 14, 73 

neighbourhood, 3 

packing, 57, 66 

pair neighbourhoods, 26 

partite, 11 

partite homomorphism density, 62 
partition /c-complex, 60 
partition fe-system, 60 
plus complex, 75, 83 

queue, 5 

queue admission parameter, 5 
queue threshold, 5 

i?-indexed, see complexed-indexed 



101 



reduced 3-graph, 67 
reduced graph, 58 
regime, 22 

regular, 3, 12, 61, 73 

regular approximation lemma, 61 

regular restriction, 7, 27, 81 

relative density, 13, 73 

restricted positions, 70, 77, 82, 86 

restriction, 13, 73, 74 

robustly universal, 65, 94 

selection rule, 21 

separate, 23 

set neighbourhoods, 81 

simplicial complex, 3 

spanning, 4, 77 

sparse setting, 12 

sphere of influence, 45 

strongly equivalent, 60 

super-regular, 4, 18, 74 

super-regular restriction, 64, 93 

supermartingale, 36 

triad, 61, 68 
triangles, 3 
typical degrees, 6 

undefined, 11 
unembedded, 21 
union, 11 

update rule, 14, 73 

vertex neighbourhood, 3, 25, 80 
vertex regular, 11 
vertex set, 3 

walk, 3 

weakly equivalent, 61, 68 
weight, 67 
weighted degree, 67 
with high probability, 3 



